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Abstract

Absolutely harmonious labelingf is an injection from the vertex set of a graph G with g edges
to the set {0,1,2, ...,q — 1}, if each edge uv is assigned f(u) + f(v) then the resulting edge
labels can be arranged as {ag,a;ay,..,aq-1} where a; =q—ior q+i,0<i< q—
1.However, when G is a tree one of the vertex labels may be assigned to exactly two vertices.
A graph which admits Absolutely harmonious labeling is called absolutely harmonious graph.
In this paper, we study absolutely harmonious labeling of ring sum of a graph with star graph.
Keywords : Harmonious labelling, Absolutely harmonious labelling, Star graph, Traingular
ladder, Jelly Fish, Jewel graph, P,?, Globe graph.

1. Introduction

In this paper, we consider finite and undirected graphs. A graph labeling is an assignment of
integers to the vertices or edges or both subject to certain conditions. A vertex labeling of a
graph G is an assignment f of labels to the vertices that induces a label for each edge xy
depending on the vertex labels. Seenivasan and Lourdusamy [3] introduced Absolutely
harmonious labeling of graphs. In this paper we study the absolutely harmonious labeling of
ring sum of a graph with star graph.

Definition 1.1.

Absolutely harmonious labelingf is an injection from the vertex set of a graph G with g edges
to the set {0,1,2,...,q — 1}, if each edge uv is assigned f(u) + f(v) then the resulting edge
labels can be arranged as {ao, a, az,...,aq_l}where a,=q—ior q+i,0<i<qg—1A
graph which admits absolutely harmonious labeling is called Absolutely harmonious graph.
Definition 1.2.
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The Ring sum of two graphs G, and G, is a graph consisting of the vertex setV (G;) U V(G;)
and the edges that are either in G, or G, but not in both.It isdenoted by G; DG

Definition 1.3.

Let G be a graph and u be any vertex of G. A new vertex u’ is said to be duplication of u if
all the vertices which are adjacent to u are adjacent to u’.The graph obtained by duplication of
u is denoted by D(G, u').

Definition 1.4.

The Triangular ladder TL,,n > 2 is a graph obtained from the ladderL,, = B, X P, by adding
the edges u;v;;,for 1 < i < n — 1 where u; ,uy,...,u, and vy, v,,..., v, are the consecutive
vertices of the two copies of the path P,.

1. MAIN RESULTS

Theorem 2.1.
PZ @ K ,is an Absolutely harmonious graph.
Proof:Let G=PZ®DKj .
The vertex set V(G) = V; U V,, where V; = V(P?) = {uy, uy, ... ,u,} and
V, = V(Kl,n) ={w = uy, Wy, Wy, ..., Wy L.
Here, wy, Wy, ..., w,, are the pendant vertices and w is the apex vertex of K; ,,.
The edge set E(G) = E, U E,
whereE; = E(P?) = {ujuj;1:1< i < n—-1}U {Ujljy: 1< i< n-2}and E, =
E(Kypn) ={wvi:1< i< nl.
Here, G is of order 2n and size 3n-3.
Now,Definef:V(G) — {0,1,2,3,...,q — 1} as follows:
flu)=i—-1,1<i<n
fw)=q—-i,1< i< n.
fw) =f(uz) =1
Then the induced edge labels are as follows
fr(uitie) = ag-i-npl< i < n-—-1
ffuuie) = ag2pl< i S n—2
ffww) =a;1<i <0< k<n-1.
From the above ag,ay,ay,...,aq_1, where a; =q—i(or)q+;0< i< q—1 are the
arranged edge labels.
Therefore fis an absolutely harmonious labeling of BZ @ K; ,,
and henceBZ@Kj ,, is an Absolutely harmonious graph.

Example 2.2
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Figure 1: P2 @ Kis
Theorem 2.3.
Jm @ Kimis an Absolutely harmonious graph.

Proof:

LetG = ® Kim

LetV(G)=V;U V,

whereV; = V() ={w,v,w,x,y;: 1 < i < m}and

V, = V(Kl_m) ={Z=U,21,25,23,.--, Zm}

Here, zy, Z, Z3, . .., Z, are the pendant vertices and z is the apex vertex ofKj ,,.
The edge set E(G) = E; U E,;where

E, = E(J;n) = {ux,uw,uv,, xv,vw,xy;, wy;: 1 < i < m}and
E, =E(Kym) ={zzz1< i< m}.

Here, G is of order 2m+4 and size 3m+5.

Now, We define f: V(G) - {0,1,2,...,(qg — 1)} as follows:

fw=f(=)=0
fw)=3
fx)=1
fw) =2

fO)=2t+11<i<m-1;2<t<m
fO)=q-Li=m
f@)=q—-(m+D]+j;1<i<m0<j<m—-1
Then,the edge labels can be clearly arranged as a, a,, az, ... ag—q
wherea; = q—i(or)q+i;0< i< q-—1.

Therefore, f is an Absolutely harmonious labeling off,,, @ Kj .
and hence/,,, @ Kj,, is an Absolutely harmonious graph.

Example 2.4
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Figure 2: Js D K, 5

Theorem 2.5

The Triangular ladder TL,, @ Kj , is an Absolutely harmonious graph.
Proof

LetG =TL, D Ki,.

LetV(G) =V, U V,, whereV; = V(TL,) = {u;,v;:1 < i < n}and

VZ = V(Kl,n) = {v1 = W,Wq,W5,Ws3,..., Wn}.
Here, wy, wy, ws, ..., w,, are the pendant vertices and w is the apex vertex
of K1 .

The edge set E(G) = E; U E,;where
E, =E(TL,) = {ujui41, Viviz, UiVis1: 1 S i< n—1} U{yvi:1 < i< n}
E, =E(Kyn) ={wwi:1< i< n}.
Then G is of order 3n and size 5n-3.
Now,Definef:V(G) = {0,1,2,--,q — 1} as follows:
fw)=2i—1,1<i<n
f(u) =0
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fw)=2;2<i<nml<j<n-1

fw)=q—-1< i< n.

Then the induced edge labels are as follows

fruvy) = ag—

ffuv) = age@arspp2 < iSsml< ks n-1

ffiviy)) = g4 1< i < n—1

fruvis) = ag-@arsnp 1< i< n—-10< k< n-2

fruup) = ag—

ffutip) = ag-@irp2<i <n-10< k <n-3
fflvuw)=a,,1<i <n0< k< n-—-1

From the above, ay, a;, ay, ... ag_4

wherea; = q —i(or)q+1i;0 < i < g—1 are the arranged edge labels.
Therefore f is an absolutely harmonious labeling of Triangular ladder TL,, @ K; ,and hence
the Triangular ladder TL,, €© K; , is an Absolutely harmonious graph.

[]
Example 2.6
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Figure3: TLy D K 4
Theorem 2.7

The duplication of a vertex in Jellyfish,D (J(n,n), y") is an Absolutely harmonious graph.
Proof
Let G=D(J(n,n),y").
The vertex set and the edge set of G are given by
V(G) ={(w,v,x,v,y),wu,v,1< i< n)}and
EG) ={[(ux)VU(uwy)VU(wx)U@y) U (xy)]Vl[(uu;1< i< n]u
[yl < i< nlUuuy'lU[xy U lvy']}
Here,G is of order 2n+5 and size 2n+8.
Now,Definef:V(G) = {0,1,2,3,...,q — 1} as follows:

fw=1
fw) =2
f(x)=3
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f)=20
fO)=q-1
fu)=@-3)—-i,1<i<n
fw)=4+,1<i<n0<j<n-1
Then the induced edge labels are as follows

fruy’) = ao

frxy') = a,

frfwy) =a

f*(u}/) =0ag-1

fryv) = aq—;

fr(xy) = aq-3

frlxu) = ag-s

frvx) = aq-s

ffuy) =apy3;1<i<m0< k<n-1
ffov) =apspezsn< i< 1,0 < k< n—-1.

Then,the edge labels can be clearly arranged as ay, ay, ay, ... ag_ywhere a; = q —i(or) q +
0<i<q-—-1.
Therefore, f is an absolutely harmonious labeling of the duplication of a vertex in
Jellyfish,D(J(n,n),y").
Hence the duplication of a vertex in Jellyfish,D (J(n, n),y") is an Absolutely harmonious graph.

[]
Example 2.8

Figure 4: D(J(3,3),y")
Theorem 2.9
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The duplication graph D(TL,,u") is an Absolutely harmonious graph.

Proof

Let Gbea D(TL,,u") graph.

LetV(G) = {wv;i:1 < i < n}U{u;}and

E(G) = {ujujz1, ViViy 1, UiViz1: 1 < i< n—1} U {yv;: 1 < i < n} U {ujv} U {yv,}
U {uju,}.

Then G is of order 2n+1 and size 4n.

Now,f:V(G) - {0,1,2,3,...,q — 1} as follows:

fup)=q-1

f(u)) =0

fw)=2k;2<i<nl<k<n-1

fw)=2i—-L1< i< n.

Then the induced edge labels are as follows

fr(uiv1) = ag

frunu,) = a

fr(uvy) = a,

fruvy) = ag—

ffuiv) = ag—@arspp2 < isml< k<n-1

ffiviy)) =agap 1< i < n—1

ffwivig1) = ag@rszyp 1< isn—-10< k< n-2

frluuy) = Ag—2

[TWitier) = ag-@Gisp2< i =n—-10< k < n-3

From the above, ag,ay,az,...,a4-1, where a; =q—i(or)q+i;0< i< q—1 are the

arranged edge labels.

Therefore fis an absolutely harmonious labelingofD (TL,, u").

Hence D(TL,,u') is an Absolutely harmonious graph.

Example 2.10
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Figure 5: D(TLs,u")

Theorem 2.11

The graph (K, + m K;) @ K; ,is an Absolutely harmonious graph.
Proof

LetG =K, +mK) D Kqi,.

LetV(G) =V, U 1,

whereV; =V(K, + mKy) ={x,y,21,2,,...,Zn} and

V, = V(Kl_m) ={w=x,w,Wy,..., Wy}

The edge set E(G) = E; U E,where

Ei=E(K, +mK;) ={xy,xz;,yz;:1 < i < m}

and E, = E(Kl,m) ={ww;:1< i< m)

Here,G is of order 2m+2 and size 3m+1.

Now,Define f:V(G)— {0,1,2,3,... g-1} as follows

fx)=0

f=p-1

fw)=m+i,1<i<m

f(z)=1< i< m.

The induced edge labels are as follows

frxy) = am

ffxz)) =ag-p1<i<m

ffz) =am-1< i< m

frOaw) = ag-msipy 1 < i< m.

From the above, ag, a;, ay, ...,aq_; wherea; =q—i(or)q+5;0< i< qg—1
are the arranged edge labels.

Therefore, f is an absolutely harmonious labeling

and hence(K, + m K;) @ K, is an Absolutely harmonious graph.
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Example 2.12

Figure 6: (K, + 5K;) @ Ky 5
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