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1.INTRODUCTION

A Boolean matrix is a special case of fuzzy matrix with entries from the set {0, 1 }. In practice,
fuzzy matrices have proposed to represent fuzzy relation in a system based on fuzzy set theory.
A fuzzy matrix can be interpreted as a binary fuzzy relation [11]. Thomason [17] defined
fuzzy Matrices for the first time in 1977 and discussed about the convergence of the powers
of fuzzy matrix. Several authors presented number of results on the convergence of power
sequence of fuzzy matrices [2,7,8]. Emam and Ragab [16] presented some properties on
determinant and adjoint of square fuzzy matrix. Emam and Ragab [15] introduced some
properties of the min-max composition of fuzzy matrix. After that a lot of works have been
done on Fuzzy matrices and its variants [1, 6,13]. It is well known that the membership value
completely depends on the decision makers, its habit, mentality, etc., Sometimes, it happens
that the membership value cannot be measured as a point, but it can be measured appropriately
as an interval. Sometimes the measurement becomes impossible due to the rapid variation of
the characteristics of the system whose membership values are to be determined. Fuzzy
Matrix (FM) is a very important topic in Fuzzy Algebra. In FM, the elements belongs to the
interval [0,1]. When the elements of FM are subintervals of the unit interval [0,1], then the
FM is known as interval- valued Fuzzy Matrix(IVFM) [14]. The concept of interval-valued
fuzzy matrix (IVFM) as a generalization of fuzzy matrix was introduced and developed by
Shyamal and Pal [12] by extending the max-min operation on fuzzy algebra.
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M. Pal [13] introduced the concept of interval-valued fuzzy matrices with interval-valued
fuzzy rows and columns. In [12,13], an IVFM A = [aij] = [ajjL, aijy], where each a;j is a
subinterval of the interval [0, 1], as the interval matrix A = [A4;, Ay], whose ij" entry is the
interval [a;j,, a;jy]. Hence, the lower limit A, = [a;;,] and the upper limit Ay = [a;jy] are
fuzzy matrices such that A; < Ay. Mamoni Dhar[4] introduced the representation
of Fuzzy Matrices on the based on Reference Function. Mamoni Dhar [5]
introduced the concept of arithmetic mean, geometric mean and harmonic mean
of Fuzzy Matrices on the basis of Reference Function. In this paper, we
introduce the concept of interval valued fuzzy matrices on the basis of reference
function and we define arithmetic mean, geometric mean and harmonic mean of such
matrices.
2.BASIC DEFINITIONS
Definition: 2.1 :
Anm X nmatrix A = [a;;] whose components are in the unit interval
[0, 1] is called a fuzzy matrix.
Definition: 2.2 Let A = [aij] = [ajj, a;jy] and B = [b;j | = [byjy, b;jy] are two interval-
valued fuzzy matrices of order m X n. Then addition of interval-valued fuzzy matrices are
defined as follows.
A+B = ajj + by; = [ay, aiju] + [biju, bijul
= [max{aijL: bijL}' max{aijU: biju}]
for 1<i<m,1<j <n.
Result :2.3

Let a = [a;, ay] and b = [b;, by] be the two elements of interval-valued fuzzy elements
in F. Then

6)] a+ b = [max{a;, b, },max{ay, by}]

(ii) a.b == [min{a;, b, },min{ay, by}
. _ arp+by, ay+by
(vi) a@b—[—2 y T ]

(vii) a®=[1-ay,1—a;l

Definition:2.4: Intervel Valued Fuzzy sets on the basis of reference function: Let
[LiL(x), piu(x)] and [p2i(x), pou(x)] be two functions such thatO < [porL(x), pou(x)] <
[LiL(x), piu(x)] < 1. For a fuzzy number denoted by x, pi(x), p2(x), we would call
[wiL(x), niu(x)] as the interval valued fuzzy membership function and [por(x), pou(x)]
as the reference function, so that pir(x)-por(x), piu(X)-pou(x) is the fuzzy
membership value for any x. In accordance with the process discussed above, a
interval valued fuzzy set defined by A =(x, [p(x), pu(x)]), xeX
would be defined in thiswayas A = {x, [puL(x), pu(x)],0, xeX} so that the
complement would become A¢ = {x, 1, [py(x), u,(x)], xeX}.

3.MEAN OF INTERVAL VALUED FUZZY MATRIX ON
THE BASIS OF REFERENCE FUNCTION
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Definition :3.1 Arithmetic Mean. Let P = ([,uAl.jL,,uAijU] , O) and

Q = ([MB ijL,,uB ijU] ,0) be two interval valued fuzzy matrices on the
basis of reference function. Then the arithmetic mean of these two interval valued
fuzzy matrices is defined as

P@Q :([[”AUL;“”BUL] ’ [”Aiju;“”Biju]] ,0)

Let R = (1, [uAl.jL,uAijU]) and S = (1, [uBijL,uBijU]) be two complement fuzzy
interval valued matrices on the basis of reference function. Then the arithmetic mean
of these two interval valued fuzzy matrices is defined as

[+ 6P [“AiiU“‘BiiU]])

Proposition 3.2. (Properties of arithmetic mean of fuzzy matrices) i

Letd = (1' [“AUL'”AUUD'B =@ [”BijL'”BijU])’ ¢=a, [”BUL'”BUU])

be three complement interval valued fuzzy matrices on the basis of reference function.
Then the arithmetic mean of these interval valued fuzzy matrices satisfy the following
properties.

(1) AA=A

(ii) A@B = B@A

(ii)) A@(B + C) = (A@B) + (A@C)

Proof:
() Let 4 = (1,[u4,, 1%, ])-

[t (w40t ”AiJ'U]]>

2 ’ 2

then A@A = (1,[
 cuausl Pl

- (1' [“AUL'“AUUD
=A

(ii) From the definition of arithmetic mean of interval

valued fuzzy matrices, we have

[P‘AijL"'l‘BijL] [”AijU+”BijU]])
2 ! 2

A@B = (1,[

=(1, [[” lJL;L“ UL],[“ l]UJZF“ UU]])

= B@A
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(ii) Let A,B and C are three interval valued fuzzy matrices
c c A A B B
and [” ijLrH ijU] < [M ijLr H ijU] < [” ijLr M ijU]'
From the definition of arithmetic mean and addition

of interval valued fuzzy matrices, we have
Consider B + C = (1, max [[HBijL'”CijL]’[‘uBiJ'U’”CiJ'U]])

= (1, [MBijL:MBijU])

A@(B+C)=(1,[ > , >

[+ 0P ] [“AUUWBUU]])

A . B . A B
Consider A@B = (1, [[“ l]L:” l]L]’[” uu;f” Uu]])

A@C = (1,[
(A@B) + (A@C) =

(1, [[max [[”AijL+”BijL] [”AijL+#CijL]] max [[HAiju+HBijU] [uAijU+uCijU]])

[”AijL"'”CijL] [”Aiju+”ciju] )
2 ! 2

2 ’ 2 2 ’ 2
- <1’ [[”AUL“Z“”BUL], [”AUU;”BUU]]) _________________ (3.4)

From equation (3.3) and (3.4) we get
A@(B +C) = (A@B) + (A@C)
Definition :3.5: Geometric Mean :Let P = (['uAijL"uAijU] , 0) and Q=

([,uB L uB L.jU] ,0) be two interval valued fuzzy matrices on the basis of reference

function. Then the geometric mean of these two interval valued fuzzy matrices is
defined as

PyQ = (J[MAijLMBijL.uAi,-UuBijU],O)

Let R = (1, [uAl.jL,uAijU]) and S = (1, [uBijL,uBijU]) be two complement fuzzy
interval valued matrices on the basis of reference function. Then the arithmetic mean
of these two interval valued fuzzy matrices is defined as

RyS=(1, \/ [ 7 o 12y 1P 501D
Proposition 3.6. (Properties of geometric mean of fuzzy matrices)

LetA = (1. [.u“‘ijL.uAijUD.B = (1, [#BijL.IiBijU]), c=(Q, [MBUL.HBUU]) be
three complement interval valued fuzzy matrices on the basis of reference function.
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Then the geometric mean of these interval valued fuzzy matrices satisty the following

properties.

(i) AyYA=A

(ii) AyB = B@A

(iii) Ay(B + C) = (AyB) + (AyC)

Proof.

() Let 4 = (1,[u4,, 1%, ])-

then AyA = (1’\[[MAL'J'L”AL'J'L’”AUU”AUU]>

- (1' [“AUL'”AUUD
=A

(ii) From the definition of arithmetic mean of interval

valued fuzzy matrices, we have

AyB = (1'\/[MAijL:uBijL"uAijU'uBijU])

=@ \[ 17 i o B2 o 0]
= ByA
(ii) Let A,B and C are three interval valued fuzzy
. c c A A B B

matrices and [u i M l.jU] < [u i M l.jU] < [u LM l.jU].
From the definition of geometric mean and addition
of interval valued fuzzy matrices, we have

Consider B+ C = (1,max(uBijL,ucijL,yBijU,uCijU)

=(1, [‘uBijL"uBijU])

AY(B + C) = (1'\/[‘L‘AijLMBijL'MAijU‘u'BijU] """""" (3.7)

Consider AyB = (1, \/[”AijL”BijL' 1A kT iy ]

AyC = (1;\[[,UAUL.“CUL':uAijU'uCijU])
(AyB) + (AyC) =
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From equation (3.7) and (3.8) we get
Ay(B + C) = (AyB) + (4yC)
Definition :3.9: Harmonic Mean :Let P =(|u4,, 0%, ,],0)and Q=

([,uB L uB L.jU] ,0) be two interval valued fuzzy matrices on the basis of reference

function. Then the Harmonic mean of these two interval valued fuzzy matrices is
defined as

A B A B
POQ = (2 Ll Gk juk” jul 0
Q_( [A_. +uB.. A 4B .. ]9 )
Hu ijL u L]L'”' iju u iju

Let R = (1, ['uAijL"uAijU]) and S = (1, [uBijL,uBijU]) be two complement fuzzy

interval valued matrices on the basis of reference function. Then the harmonic mean of
these two interval valued fuzzy matrices is defined as

A B A B
LE G ot ol
B A B
LT GRS jut ]

(u
ROS=(1,2 A
Proposition 3.10. (Properties of harmonic mean of fuzzy matrices)

Letd = (1' ['uAijL"uAijU])’B =1, ['uBijL"uBijU])’ c=q@0, [’uBijL"uBijU]) be
three complement interval valued fuzzy matrices on the basis of reference function.
Then the harmonic mean of these interval valued fuzzy matrices satisfy the following
properties.

1HAOA=A

(i AOB=BQOA

(N AOB+0O)=(A0OB)+A0OC0)

Proof.
() Let 4 = (1,[u4,, 1%, ])-

A A
then AQA= (1,,2—[” ”L'Z” ”U])

- (1' [“AijL'“AijUD
=A

(ii) From the definition of arithmetic mean of interval
valued fuzzy matrices, we have

)

B, A B A
(17 L R o iyl
B B, A A

A )T W [ Ly 10

=BQOA

A B A B
(7L Gl ut” jul
A B A B

(250 HHE e ot R )

AOB =(1.2

= (1,2

(ii) Let A,B and C are three interval valued fuzzy
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. c c A A B B
matrices and [u i M ijU] < [u i M ijU] < [u i M ijU]'
From the definition of geometric mean and addition
of interval valued fuzzy matrices, we have

Consider B+ C = (1, max[(u®,,u";, 15, 1)1
— B B
= (1, [M ijLr M ijU])

A c A c
LM Gl ut il )

A@(B+C)=(1,2[[fj

C A C
KRS GBSyt Ry ]
A B A B
(WL Gk jjuk” jul
A B A B
N o T A T 1 i 1170

Consider AOB=(12

A c A c
(7 ™ o o]

AOQC=(12 12+ 1 ok ju o)
AOB)+(AGC0C) =

(1,2 (max[([ [:LA”LHBUL'”AUL”BUL] ]) ’max( [ﬂAijUHBijU'HAijU#BijU] ]))]

B.. LA c A B A c
LT IR Ry Al 773 [” GUTHZ ok jutR iy

[ i k€ sy
(A i+ R Gkl iy +eC iy
From equation (3.11) and (3.12) we get
AOB+C)=(A0B)+(AO0)

4.CONCLUSIONS

= (1,2

In this article, the arithmetic, geometric and harmonic mean of interval vaued fuzzy
matrices on the basis of reference function are discussed. Further, the various
properties of arithmetic, geometric and harmonic means interval valued fuzzy matrices
on the basis of reference function discussed. This results is very helpful in future
research works.
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