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Abstract: According to Beurling in 1937, a generalized prime is any increasing infinite positive 
real sequence for which the first element is precisely greater than 1. Additionally, the basic 
fundamental theorem of arithmetic can be used to construct the sequence of Beurling integers. 
The example of a discrete and continuing Beurling's prime system is the main topic of this 
article. The challenge in this approach is finding a discrete system from a continues prime 
system. This work demonstrates the connection between Beurling Zeta function and Beurling 
counting functions which discusses the error -term of 𝒩(𝑥) and 𝜋(𝑥) and the relation between 
them with an estimation in order to obtain a better  error-term n comparison with what are 
known till now. 
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INTRODUCTION 

Introduction  

Beurling generalized numbers Beurling defined a set p of any increasing real value sequence 
of elements which be precisely greater than one.so, this indicate that {𝑝௜}௜ୀଵ

ஶ  called a generalized 
prime. 

One can use the fundamental theorem of Arithmetic to generat the sequence {𝑁௜}௜ୀଵ
ஶ with 𝑛଴ to 

be the generalized integers or (Beurling integers) 

The generalized counting functions of primes and of integers are defined in the natural 
way as follows 

 

𝜋 (𝑥) =  ෍ 1    &   𝒩 (𝑥) =  ෍ 1           

௡ஸ௫ ௣ஸ௫ 

 

 

Suppose that 𝒩(𝑥) satisfies for some 𝛿 and positive 𝑘,  |𝒩(𝑥) − 𝑘| ≤ 𝑀 ቀ
௫

௟௢௚ഃ௫
ቁ 

 

Where Beurling had shown that if 𝛿 > 3 ⁄ 2 , then  𝜋(𝑥)~
௫

௟௢௚௫ 
    and moreover that is Diamond 

had shown that if  𝛿 ≤ 3
2ൗ      the condition with given𝛿is so sharp. 

The above assumption not exist that means the Beurling s condition is very sharp 
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The weird numbers let n be a natural number in N, where n is set to be  abundant number if 
the sum of the proper divisor  of n except itself is greater than n . 

 Additionally, n is deficient number if the sum of the proper divisors of n except itself is less 
than n .as well as n is set to be semiperfect if it is abundant and can expressed as a sum of some 
or all its distinct proper divisors  

Now, from all of above explained of any   natural number n we can defined the weird numbers 
to be any abundant number but not semi perfect. 

So, many authors had been working in this field in order to give a general form of any weird 
number for example  

  Pajunen Showed in 1980 that any weird number is of the form 2௞𝑝. 𝑞 Where k integer number 
and p, q are  

Moreover, G., Hasler, M.,Melfi, G.,Parton, they showed in 2019 that any weird number is of 
form  

 𝑥 = 𝑐 ∏ 𝑝௥ 
௥
௜ୀଵ with 𝑐 is deficient number and   𝑝ଵ, 𝑝ଶ … 𝑝௥ are primes.  

Balanzario s method Balanzario proved in his papers if 

𝜋(𝑥) = න
1 − 𝑡ିఘ

𝑙𝑜𝑔𝑡

௫

ଵ

𝑘(log 𝑡)𝑑𝑡 

Then there are positive numbers a and b such that for 𝑥 ≥ 𝑥଴  

                     𝑎
௫

୪୭୥ ௫
≤ 𝜋(𝑥) ≤ 𝑏

௫

୪୭୥ ௫
  

And he obtained the error-term of 𝜋(𝑥)   is O(𝑥ଵିఘ) . 

Also, he proved under some conditions   

𝒩(𝑥) = 𝑐ଵ𝑥 + 𝑐଴ + 𝐴௠𝑥𝑐𝑜𝑠(𝑚 log 𝑥) ൬
1

𝑙𝑜𝑔𝑥
൰

ଵିఈ೘

+ 𝑂 ൬
𝑥𝑙𝑜𝑔𝑙𝑜𝑔𝑥

𝑙𝑜𝑔ଶିఈ೘𝑥
൰ 

When 𝜌 is a positive constant and this constant will determine the position of some singular 

points of Zeta function such that 0 < 𝜌 <
ଵ

ଶ
   .  

And he discussed the procedure for obtain N from 𝜋 works when 𝜋 is continuous as well as 
when it is discrete distribution by the formula. 

𝑁(𝑥) = ∫ 𝑑𝑁
௫

ଵష = ∫ 𝑒ௗగ௫

ଵష    

Now, from Balanzario’s method we can chose any value of parameter 𝜌 from its range it may 
be (0.1), m=1 and substitution this value in the error -term .it will get 

                                                𝜋(𝑥) = ∫
௞(௟௢௚ ௧)

௟௢௚ ௧ 

௫

௘
+ 𝑂(𝑥଴.ଽ)  and 

      

𝒩(𝑥) = 𝑐ଵ𝑥 + 𝐴𝑥𝑐𝑜𝑠(log 𝑥) ቀ
ଵ

௟௢௚௫
ቁ

ଵିఈ

+ 𝑂 ቀ
௫௟௢௚௟௢௚௫

௟௢௚మషഀ௫
ቁ         (1)  

Upper bound for  𝜁(𝑠) 

As the reader see that the function 𝜁(𝜎 + 𝑖𝑡) = 𝑂(𝑒௧), (𝑡 > 0, 𝑡 → ∞)   for any 𝜎 closed to the 

value 1 2ൗ  which is known and for 𝛾 ∈ [0, 1)                   , 𝜁(𝑠)  has an analytic continuation 

except for a simple pole at 𝑠 =  1 
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with residue 𝜌 and for 𝜎 > 𝛾. So, if  |𝒩(𝑥) − 𝑎𝑥| ≪ 𝑅𝑥𝑒ି௚(௫)   with a,R>0 and for some 

positive, increasing function g tending to the infinity such that 𝑔´(𝑥) = 𝑜 ቀ
ଵ

௫
ቁ then for some c 

> 0 ,  

                                         𝜁(𝜎 + 𝑖𝑡 ) = 𝑂(𝑡௖) 

with 1 −
௚൬

೐೟

೟
൰

௧
≤ 𝜎 ≤ 1 −

୪୭୥ ௧

௧ 
  where t is sufficiently large. For more details the reader could 

see [ 10]. 

So, applying the above and (1) obtaining 

 𝑁(𝑥) =  𝜌𝑥 + 𝑂 ቆ𝑥𝑒𝑥𝑝
ି௟௢௚൬

೗೚೒మషഀೣ

೗೚೒೗೚೒ೣ 
൰
ቇ.       (2) 

Further, write 𝑔 ቀ
௘ೣ

௫
ቁ ~log (

௫మషഀ

௟௢௚௫
), so 

 𝑔 ቀ
௘ೣ

௫
ቁ ≤ (1 + 𝜖)𝑙𝑜𝑔 ቀ

௫మషഀ

௟௢௚௫
ቁ , ∀𝜖 > 0 , 𝑥 ≥ 𝑥଴(𝜖)  Implies that  

𝜁(𝜎 + 𝑖𝑡) = 𝑂(𝑡௖) 𝑓𝑜𝑟           𝜎 ≥ 1 −
ቆ(ଵାఢ)௟௢௚൬

೟మషഀ

೗೚೒೟ 
൰ቇ

௧
   

Since       
௟௢௚൬

೟మషഀ

೗೚೒೟
൰

௧
  ~

 (ଶିఈ)௟௢௚௧

௧
       for 𝜎 ≥ 1 −

(ଵାఢ)௟௢௚௧మషഀ

௧
 .            

However, the error-term of 𝒩(𝑥) in Balanzario' s method by using the forms of weird numbers  
௫௟௢௚௟௢௚௫

௟௢௚మషഀ௫
 =  

(௖ ∏ ௣೔ ) ௟௢௚௟௢௚൫௖ ∏ ௣೔
ೝ
೔సభ ൯ ೝ

೔సభ

൫௟௢௚௖ ∏ ௣೔
ೝ
೔సభ ൯

మషഀ  

 

=
௖ ∏ ௣೔)௟௢௚௟௢௚௖ା௟௢ ∑ ௟௢௚௣೔

ೝ
೔సభ

ೝ
೔సభ

൫௟௢௚௖ା∑ ௟௢௚௣೔
ೝ
೔సభ ൯

మషഀ  

 

=
௖ ∏ ௣೔)௟௢௚௟௢௚௖ା௟௢௚ ∑ ௟௢௚௣೔

ೝ
೔సభ

ೝ
೔సభ

൫௟௢௚௖ ∑ ௟௢௚௣೔
ೝ
೔సభ ൯

మషഀ  

 

Since ∑ 𝑙𝑜𝑔 𝑝௜
௥
௜ୀଵ ≤ 𝑎 𝑙𝑜𝑔𝑝௥ then 

 𝑙𝑜𝑔 ∑ 𝑙𝑜𝑔𝑝௜ ≤ 𝑎 𝑙𝑜𝑔𝑝௥
௥
௜ୀଵ  , 𝑎 is constant  

                             
And  

෍ 𝑙𝑜𝑔𝑝௜ ≥ (𝑙𝑜𝑔𝑝௥)
ଵ
ଶ

௥

௜ୀଵ

 

Then (𝑙𝑜𝑔𝑐 + ∑ 𝑙𝑜𝑔𝑝௜
௥
௜ୀଵ )ଶିఈ ≥ (𝑙𝑜𝑔𝑝௥)ଵି

ഀ

మ  

                                                        =(𝑙𝑜𝑔𝑝௥)ఉ    ∀𝛽 < 1  

Since   𝑐 ∏ 𝑝௜
௥
௜ୀଵ  ≤ 𝑏 𝑝௥ ,such that  𝑏 > 𝑐 

Finally, it will be  
(௖ ∏ ௣೔ ) ௟௢௚௟௢௚൫௖ ∏ ௣೔

ೝ
೔సభ ൯ ೝ

೔సభ

൫௟௢௚௖ ∏ ௣೔
ೝ
೔సభ ൯

మషഀ ~
௕ ௣ೝ (೗೚೒೗೚೒ ೎శೌ ೗೚೒೛ೝ)

(௟௢௚௣ೝ)ഁ   
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Theorem 1    

𝜁(𝑠) =
𝑠 − 0.9

𝑠 − 1
  ෑ (1 − 

0.1

𝑠 − i𝑗 − 0.9
) ିఈೕ

଴ழ|௝|ழ௡

 

For 𝑚  ∈ (0, 𝑛) set 

𝐼𝑐௠ =
1

2𝜋!
න 𝜁(𝑠)

𝑥௦

𝑠
d𝑠

 

௖೘

 

With  𝐶௠     the contour in figure Then for every such m, there is a real number 𝐴௠   
distinct from zero such that 

𝐼𝑐௠ + 𝐼𝑐ି௠ = 𝐴௠𝑥 cos(𝑚 log 𝑥) ൬
1

log 𝑥
൰  ଵିఈ೘            + 𝑂 ൬

𝑥𝑙𝑜𝑔𝑙𝑜𝑔𝑙𝑜𝑔𝑥

loglog  ௞ିଵିఈ೘ 𝑥
൰ 

 

Theorem 2  

𝜋(𝑥) = න
1 − 𝑡ି଴.ଵ

log 𝑡

௫

ଵ

 𝐺(log 𝑡)𝑑𝑡 

With 

      𝐺(𝑥) = 1 + 2𝛼 cos(𝑥) 

Where 𝛼 is a fixed real number such that  0 < |𝛼| <  1  (Note that 𝐺(𝑥)  > 0 )  

Let 

𝒩(𝑥) = න 𝑒ୢగ
௫

ଵି

 

Then  

𝒩(𝑥) = 𝑐ଵ𝑥 +  𝐴ଵ
ˊ 𝑥 cos(log 𝑥) ቀ

ଵ

୪୭୥ ௫
ቁ

ଵିఈ 

+ 𝑂 ቀ
௫௟௢௚௟௢௚௟௢௚௫

୪୭୥୪୭୥  ೖషభషഀ௫
ቁ                (4) 

 

From above and that the best estimate for 𝑘 one can take it to be 2 < 𝑘 < 2.5 

If we applied the last theorem on the error-term of   𝒩(𝑥)) from above proposition it will get  

From a above theorem and (3) we can write 

𝒩(𝑥) =  𝜌𝑥 + 𝑂 ൭𝑥𝑒𝑥𝑝
ି௟௢௚ቆ

௟௢௚௟௢௚ೖషభషഀ௫
௟௢௚௟௢௚௟௢௚௫ ቇ

൱        (5) 

Then 𝑔(𝑥) = 𝑙𝑜𝑔 ቀ
௟௢௚௟௢௚ೖషభషഀ௫

௟௢௚௟௢௚௟௢௚௫
ቁ 

  

 

Further we write 𝑔 ቀ
௘ೣ

௫
ቁ ~log (

௟௢௚ೖషభషഀ௫

௟௢௚௟௢௚௫
)  

Such that 

 

 𝑔 ቀ
௘ೣ

௫
ቁ ≤ (1 + 𝜖)𝑙𝑜𝑔 ቀ

௟௢௚ೖషభషഀ௫

௟௢௚௟௢௚௫
ቁ , ∀𝜖 > 0 , 𝑥 ≥ 𝑥଴(𝜖)  Implies that  

𝜁(𝜎 + 𝑖𝑡) = 𝑂(𝑡௖) 𝑓𝑜𝑟           𝜎 ≥ 1 −
(ଵାఢ)௟௢௚൬

೗೚೒೗೚೒ೖషభషഀ೟

೗೚೒೗೚೒೟
൰

௧
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Since     
௟௢௚൬

೗೚೒೗೚೒ೖషభషഀ೟

೗೚೒೗೚೒೟
൰

௧
~

௟௢௚௟௢௚ೖషభషഀ௧

௧
           Then 𝜎 ≥ 1 −

௟௢௚௟௢௚ೖషభషഀ௧

௧
             

Also, We can write the error-term of 𝒩(𝑥)  by using the one of the forms of weird numbers  

  

=  
(௖ ∏ ௣೔ ) ௟௢௚௟௢௚௟௢௚൫௖ ∏ ௣೔

ೝ
೔సభ ൯ ೝ

೔సభ

൫௟௢௚௟௢௚௖ ∏ ௣೔
ೝ
೔సభ ൯

ೖషభషഀ  

 

=
௖ ∏ ௣೔)௟௢௚௟௢௚௟௢௚௖ା௟௢௚௟௢௚ ∑ ௟௢௚௣೔

ೝ
೔సభ

ೝ
೔సభ

൫௟௢௚௟௢௚௖ା௟௢௚ ∑ ௟௢௚௣೔
ೝ
೔సభ ൯

మషഀ  

 

Since ∑ 𝑙𝑜𝑔𝑝௜
௥
௜ୀଵ ≤ 𝑎 𝑙𝑜𝑔𝑝௥    

𝑙𝑜𝑔𝑙𝑜𝑔 ∑ 𝑙𝑜𝑔𝑝௜
௥
௜ୀଵ ≤ 𝑙𝑜𝑔𝑎 + 𝑙𝑜𝑔 𝑙𝑜𝑔𝑝௥  then  

                                 And   

𝑙𝑜𝑔 ෍ 𝑙𝑜𝑔𝑝௜ ≥ (𝑙𝑜𝑔𝑙𝑜𝑔𝑝௥)
ଵ
ଶ

௥

௜ୀଵ

 

Then (𝑙𝑜𝑔𝑙𝑜𝑔𝑐 + 𝑙𝑜𝑔 ∑ 𝑙𝑜𝑔𝑝௜
௥
௜ୀଵ )௞ିଵିఈ ≥ (𝑙𝑜𝑔𝑙𝑜𝑔𝑝௥)

ೖషభషഀ

మ  

                                                        =(𝑙𝑜𝑔𝑙𝑜𝑔𝑝௥)ఉ    ∀𝛽 < 1 

Finally, it will be  

(𝑐 ∏ 𝑝௜ ) 𝑙𝑜𝑔𝑙𝑜𝑔𝑙𝑜𝑔(𝑐 ∏ 𝑝௜
௥
௜ୀଵ ) ௥

௜ୀଵ

(𝑙𝑜𝑔𝑐 ∏ 𝑝௜
௥
௜ୀଵ )௞ିଵିఈ

 

~
(𝑏. 𝑝௥)(𝑙𝑜𝑔𝑙𝑜𝑔𝑙𝑜𝑔𝑐 + 𝑙𝑜𝑔𝑙𝑜𝑔𝑎 + 𝑙𝑜𝑔𝑙𝑜𝑔𝑝௥)

(𝑙𝑜𝑔𝑙𝑜𝑔𝑝௥)ఉ
 

DISCUSSION AND FUTURE WORKS 

 

The aim of this paper is to introduce the estimation of 𝒩(𝑥) as 𝑥 goes to infinity and 𝜁(𝑠) for 
the real part lies in (0,1).  So, the results noticed that this change of |𝒩(𝑥) − 𝑎𝑥| for some 
positive constant 𝑎, was related to the changing of the value of 𝜎 (the real part of 𝑠 )and hence 
its effects on the function 𝜁(𝑠) as known. So, one may ask a crucial question “What is the best 
possible value of σ?” or one could look at to the above results and compare it when the 
Riemann-Hypothesis hold. 

term. It's obvious that the attention of the authors was concentrated on estimation of O-result 
for 𝒩(𝑥)and 𝜁(𝑠), However one can do more effort by using this estimation to camper, it with 
other result firsts and pick up an Ω − result for 𝒩(𝑥). This opens a new window for the research 
one can do it in the future work.  
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