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Abstract: In this paper, general formulas of solutions are derived to solve linear systems of
first order or single equation of second order which is converted to linear system of first order.
Moreover, these solution formulas have been employed to solve initial value problems that have
applications in other sciences such as tank systems, pendulum systems, and electrical circuits.
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1. Introduction

Differential equation have been used to some degree in every branch of applied mathematics,
Physics and engineering [3]. The employment of various integral transform to solve differential
equations received a lot of scholarly attention[5] which is frequently used to solve ordinary and
partial differential equations [1].Moreover, they are used for solving many initial value
problems that difficult to solve with traditional methods, such as the Laplace, Temem, Shabhan
transformations[2¢4¢ 6].
One of the efficient integral transformation that is the focus of our study in this work is Elzaki
transformation [10]. we consider function in the set u defined by the Elzaki transformation:

i |
p= {n(x): AM 1,902 > 0,|n(x)| < e® if x € (=1)7 X [0, 00)} :

where the function of exponential order in the set u defined by

En(x)]=Tw) = wfooo nx)e wdx, x>0, @ <w<@,.

Elzaki is a useful technique for solving linear differential equations either single or systems

with constants or variable coefficients in the time domain [8¢9] while others used it in solve
fuzzy ordinary differential equation[7].

2-Properties and theorems
In this section, some definitions and fundamental requirement in the following work are
introduced.
2.1 Property: (linear property)
The Elzaki transform is characterized by the linear property, that is
E[c;Q(t) £ % cp,Qn(®)] = ClE(Ql(t)) -t CnE(Qn(t)) >

where ¢y, ..., ¢, are constants, the functions Q4 (t), ..., Q,(t) are defined in t € (0, 00).
2.2 Theorem : Let T (w) is the Elzaki transformation of [[E (n()] = T(W)].

i. akitransformis characterized by the linear property, that is r function of exponential o

% —wn(0)
ii. E[n”(x)] = T‘SAZ/ —wn'(0) —n(0)
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T(w)

iii. E[n™W )] =—=—3ps w2k (0)

where

n'(x)] = f n(x)e w v dx = n(0) .
2.3 General formula for system of ﬁrst order in dimension n.
Consider the non-homogenous system of first order
M(®) : ma@®)) =(@11 F = @in i Pn1 o P )M () F p(0)) + (B2 (®) & Bu(®))
(2-1)
where ¢@;j:1,j = 1, ...,n are constants coefficient and 11 (t), ..., 1, (£), B1(£), ..., Bn(t) are

T(W)

functions of t.
2.4 Reducing n-order linear equation to system of first order.

Let S a Y e+ ap P = £ (2-2)
ay, ..., an_q are constants. Y and f(t) are functions of t.

To convert equation (2-2) to system (2-1), we assumption

m () = (t)

12(8) = Py = n1(0)

ng(t) = 1/)22) =13 (t)

M(t) = wé;; V=0

() = .

Therefore, equation (2-2) become

(M) i nu@®)) =010 0O - 0001 0o - 0 0:apq0:
an_, 0 1 - 0 : : P Qpz Qg v oap )+

(000 : f(®)) (23
2.5 Elzaki transform for fundamental functions.
The following table (1-1) gives an Elzaki transformation of certain fundamental functions.

- X
ID | function N (x) E (Tl(x)) =w fooo n(x) = e wdx
1 |z w?
2 X w3
3 xn n! Wn+2
4 eax w?
1—-aw
5 | sinsin (ax) _aw?
1+a2w?2
6 €oS cos ax _w
1+a2w?2
7 | x sinsin (ax) 2atwh
1+a2w?2
8 | xcoscos(ax) |w(-a’w?)
(1+a2w?2)2
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9 | sinh sinh (ax) aw?
1-a?w?
10 | cosh cosh (ax) w?
1-a?w?
11 | e** bw?
i . 214 h22
sin sin (bx) (1+aw)*+b2w
12 e (1-aw)w?
(1+aw)2+b2w?2

cos cos (bx)

Table(1): Elzaki transform for fundamental functions .
3. The general Formula of solution to the non-homogenous system of first order in n-
dimension.
Taking Elzaki transformation for system (2-1), yields:

@ —wn,(0) = <P11E(771(t)) + <P1zE(772(t)) + et <P1nE(77n(t))
+E(B1 (D))
EO) _ i, (0) = i E(01 (D) + 9 E(1:(0) + -+ + 0B (10(D)

+E(Bn (D))
Where 1,(0), ..., n,(0) are initial conditions.

(% - <P11) E(’h(t)) - <P12E(772(t)) — = <P1nE(77n(t)) = wn,(0)
+E(B1(D))

(% - (pnl) E(nn(t)) - <Pan(772 (t)) -t (pnnE(nn(t)) = Wnn(o)
+E(Bn (1))

using Gramer's rule, such as:

A= |(%—<P11) ~— P12 " Pin — P21 (i—<P22) B e S R Nl )

w

- om)|
Also,

E(n:(6)) = 3 |win(0) + E(B1(6) = @1z — @un 111 wna(0) + E(Bu(®)) —
Pnz (= Pun) | (3-1)
E(®) =2| (2= 011) — 02w @ + E(Bi(®) =921 ¢ (2=02) = -

Pn1 = Pz -+ W (0) + E(B (D)) | (3-2)

After taking inverse of Elzaki transform to E (m (t)), v E (nn (t)), can be obtion the solution
of system (2-1).

4. The general formula of solution to the homogenous system of first order in dimension
n.
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If Bj(t) = 0,j = 1, ...,n in system (2-1), then it is called homogenous system. In similar
steps of section (3), can obtained the solution as:

E(’h(t)) =%|W771(0) — P12 o~ Q1o WN2(0) (%—<P22) = @an P wnp(0) P =@y,
(5= omn) | (41

E(Tln(t)) :%|(%— ‘Pn) — @12 - wn(0) — @y (%— ‘Pzz) il —@p
~pnz Wi (0) | (4-2)

In similar way taking inverse of Elzaki transform to (4-1) ... (4-2) can be obtain the solution
of homogenous system.

5. Application
In this section, we introduced supported examples that shows efficiency of derivate formulas.
Such as Tank, Pendulum and Electric:
5-1 Tank system of equation:
One of the important application of mathematical system is tank, which has the general
formula
11(8) = @111 () + P12M2(8) N2(8) = P21 () + P22m2(D) ]
(5-1)
n1(0) = a; , 12(0) = a;
This system represent tank connection activity with water inlet and exist resources.

— 2 a1—(a194—a@)w
E(nl (t)) - [(‘P1‘P4—§02‘P3)W2—(‘P1+§04)W+1]

o, az—(azp1—a;@3)w
E(WZ (t)) - W [(tplm—(pzqos)wz—(%w)W+1]

Taking E~1 for above equations :

-1 2 a1—(a194—az@2)w )
nl(t) E [W [(<P1<P4—§0z€03)W2—(<P1+§04)W+1]] (5 2)

- az—(a —-a w
M2 (t) =E~ [WZ [(<P1€04—2(Pz(€0;)(p‘;2—(:O(i33¢4)w+1]] (5-3)

n1(t) and n,(t) repersant the solution of system (5-1)

For example, if has two tank as in figure (1) where each holding 24 liters of seawater, and a
cylinder connecting them. Water is transported under pressure at a rate of §L/m from the first
tank T, to the second tank T,. And with reduced pressure, water moved at a rate of 2L/m from
Tank T, in the second Tank to Tank T; in the first. Moreover, fresh water is added to the first
tank (T;) at a speed of 6, and water is removed from the second tank at a similar speed (64m).
As indicated in the illustration, salt is present in each of the two tanks. So, the following system
is used to explain the problem if we want to determine the mass of salt present in each tank at

a given moment.
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<2—
8

N N

Figure (1): Tank Application
Consider problem as the system

* 1 1
ni(t) = —sh TNz n1(0) =1
. 1 1
M2() =sm—3m2, 12(0) =6
By using formula (5-2) and (5-3). We get

nl(t) — E—1 [WZ [ a1—(a194—azQ)w ]]

(P204—@203)W2—(@1+@)W+1

— -1 _ 2 [ az—(azp1—a;p3)w
nZ(t) E _W .(¢2¢4—¢2¢3)W2—(<P1+(P4)W+1]]
Simplification
[ i 5
1|2 W
nl(t) =k w _—w2+§w+1
: [ 6+lw
— -1 2 3
n2(t) = E w _%w2+§w+1]

L .
m(t) =—e2" +2e7s

1, 1,
n,(t) =2e 2 +4es

where 1, (t) and 1, (t) represent salt mass that collects in the tanks over time.

5.2 Pendulum Application

Pendulum is another application of mathematical system, which has the general formula.
n (@) +xn (@) + () = B(t) (5-2)
where y and ¢ are constants, with n(0) = a;,n°(0) = a,

using formula (2-3) to convert equation (5-2) to system of first order.

m(8) =n2(0), 1(0) = a;

M2() = —xm1 (1) — () + B(H) 12(0) = a;

From formula (3.1) — (3.2) to obtain the solution

a,+(aiy+az)w
Elny (0)] = w? [ ]

—a;,6
Elna(9)] = w? [

Taking inverse of Elzaki after simple calculation
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_ g1 |y2 [at@rra)w
nl(t) =E [W [ 1+ yw+6éw? ]] (5-4)

-1 2 [ az—a.éw )
nZ(t) =E [W [1+)(w+6w2]] (5 5)

n1(t) and n,(t) represent the solution of system (5-2)

For example if we take y = 5and § = 4, a; = 0,a, = 1,B(t) = et
Then equation (5-2) become 1™ (t) + 51°(t) + 4n(t) = e

By using (5.4) — (5.5) to find the particular solution of above equation.

I L e L
Mm@ =E""|w [ 1+5w+4w?

1|2 [ —3+4w?
n2() = E [W [1+5w+4w2]]

1 7 ¢ 4 _
m) =_e" +-ef——e

4t

N2 (t) = 1—10et — %e‘t + ge““

n1(t) and 1, (t) represent the solution of converting system.

5.3 Electric Application

An electric circuit can be expressed as a system of first order, which has the form
R

L L

1

|+

€ ' Figure (2): Electric circuit
€ = RI(t) + LI'(t) +-Q(t) (550
R; ohms = resistance
L, henrys = inductance
C; farads = capacitance
Since I(t) = Q'(t) and using formula (2.3) yield :
Q'(t) = S(0)
() = =750 — 70O +5
The solution of above system can be obtained by using the general formula of (3.1) - (3.2)

Q(t) = ETYwE[S]] (5-6)
S(t) =E! [%] (5-7)

For example: An electric circuit with an emf of 10 volts, 1 Henry inductance, 4 ohm resistor,
and 5 Henry capacitor are farad linked in series. The capacitor's charge and the circuit's current
are both zero at time t. At any moment after t > 0, to switch the charge and current.

Suppose that at time ¢, Q and I represent the respective instantaneous charge and current.
Then by kirchhoff's law:

Q"(t) +4Q'(1) +5Q(t) =10

sinel =Q" ,I'=0Q"

Q'=S
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S'=-45-5Q + 10

Using formula (5-6) , (5-7) to find charge in capacitor

S(t) = 10e %t sinsint

Q(t)=2(1—e % coscost —2e sinsint)

where S(t) and Q(t) represent current and charge respectively.
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