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   Abstract: In this paper, general formulas of solutions are derived to solve linear systems of 
first order or single equation of second order which is converted to linear system of first order. 
Moreover, these solution formulas have been employed to solve initial value problems that have 
applications in other sciences such as tank systems, pendulum systems, and electrical circuits. 
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1. Introduction 
   Differential equation have been used to some degree in every branch of applied mathematics, 
Physics and engineering [3]. The employment of various integral transform to solve differential 
equations received a lot of scholarly attention[5] which is frequently used to solve ordinary and 
partial differential equations [1].Moreover, they are used for solving many initial value 
problems that difficult to solve with traditional methods, such as the Laplace, Temem, Shabhan 
transformations[2،4، 6]. 
One of the efficient integral transformation that is the focus of our study in this work is Elzaki 
transformation [10]. we consider function in the set 𝜇 defined by the Elzaki transformation:  

𝜇 = 𝜂(𝑥): ∃𝑀 𝜑 , 𝜑 > 0, |𝜂(𝑥)| < 𝑒
| |

 𝑖𝑓 𝑥 ∈ (−1) × [0, ∞)  .  

where the function of exponential order in the set 𝜇 defined by  

𝐸[𝜂(𝑥)] = 𝑇(𝑤) = 𝑤 ∫ 𝜂(𝑥)𝑒  𝑑𝑥,    𝑥 ≥ 0,      𝜑 ≤ 𝑤 < 𝜑 . 

Elzaki is a useful technique for solving linear differential equations either single or systems 
with constants or variable coefficients in the time domain [8،9] while others used it in solve 
fuzzy ordinary differential equation[7]. 
 
2-Properties and theorems 
In this section, some definitions and fundamental requirement in the following work are 
introduced.   
2.1 Property: (linear property) 
The Elzaki transform is characterized by the linear property, that is  

𝐸[𝑐 𝑄(𝑡) ± ⋯ ± 𝑐 𝑄 (𝑡)] = 𝑐 𝐸 𝑄 (𝑡) ± ⋯ ± 𝑐 𝐸 𝑄 (𝑡)  , 

where 𝑐 , … , 𝑐  are constants, the functions 𝑄 (𝑡), . . . , 𝑄 (𝑡) are defined in 𝑡 ∈ (0, ∞). 

2.2 Theorem : Let 𝑇(𝑤) is the Elzaki transformation of 𝐸 𝜂(𝑥) = 𝑇(𝑤) .  

i.  𝑎𝑘𝑖 𝑡𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚 𝑖𝑠 𝑐ℎ𝑎𝑟𝑎𝑐𝑡𝑒𝑟𝑖𝑧𝑒𝑑 𝑏𝑦 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒𝑎𝑟 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦, 𝑡ℎ𝑎𝑡 𝑖𝑠 𝑟 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑒𝑥𝑝𝑜𝑛𝑒𝑛𝑡𝑖𝑎𝑙 𝑜𝑟𝑑𝑒𝑟
( )

− 𝑤𝜂(0)  

ii. 𝐸[𝜂``(𝑥)] =
( )

− 𝑤𝜂`(0) − 𝜂(0)  
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iii. 𝐸 𝜂( )(𝑥) =
( )

− ∑ 𝑤 𝜂 (0)  

where 

𝐸[𝜂`(𝑥)] = 𝑤 ∫ 𝜂`(𝑥)𝑒  𝑑𝑥 =
( )

− 𝑤 𝜂(0) . 

2.3 General formula for system of first order in dimension 𝑛.  
Consider the non-homogenous system of first order  
(𝜂 (𝑡)  ⋮   𝜂 (𝑡) ) = (𝜑  ⋮   ⋯    𝜑  ⋮   𝜑  ⋯ 𝜑  )(𝜂 (𝑡)  ⋮  𝜂 (𝑡) ) + (𝛽 (𝑡)  ⋮  𝛽 (𝑡) ) 
           (2-1) 
where 𝜑 : 𝑖, 𝑗 = 1, … , 𝑛 are constants coefficient and 𝜂 (𝑡), … , 𝜂 (𝑡), 𝛽 (𝑡), … , 𝛽 (𝑡) are 

functions of 𝑡. 
2.4 Reducing 𝑛-order linear equation to system of first order. 

Let          𝜓( )
+ 𝑎 𝜓( )

( )
+ ⋯ + 𝑎 𝜓( ) = 𝑓(𝑡)                                   (2-2)  

𝑎 , … , 𝑎  are constants. 𝜓( ) and 𝑓(𝑡) are functions of t. 

To convert equation (2-2) to system (2-1), we assumption   
𝜂 (𝑡) = 𝜓(𝑡)  
𝜂 (𝑡) = 𝜓( ) = 𝜂 (𝑡)  

𝜂 (𝑡) = 𝜓( ) = 𝜂 (𝑡)  

⋮        ⋮  

𝜂 (𝑡) = 𝜓( )
( )

= 𝜂 (𝑡)  

𝜂 (𝑡) = 𝜓( ) . 

Therefore, equation (2-2) become  
(𝜂 (𝑡)  ⋮ ⋮ ⋮   𝜂 (𝑡) ) = (0 1 0        0      ⋯        0   0 0 1        0     ⋯         0   0 ⋮  𝑎   0 ⋮

 𝑎   0        1      ⋯        0   ⋮        ⋮                   ⋮    𝑎    𝑎        ⋯     𝑎        ) +

(0 0 0   ⋮  𝑓(𝑡) )    (2-3) 
 2.5 Elzaki transform for fundamental functions. 
The following table (1-1) gives an Elzaki transformation of certain fundamental functions. 

ID function 𝑁(𝑥) E 𝜂(𝑥) = 𝑤 ∫ 𝜂(𝑥) = 𝑒 𝑑𝑥  

1 1 𝑤   

2 𝑥  𝑤   

3 𝑥   𝑛! 𝑤   

4 𝑒     

5 𝑠𝑖𝑛 𝑠𝑖𝑛 (𝑎𝑥)     

6 𝑐𝑜𝑠 𝑐𝑜𝑠 𝑎𝑥     

7 𝑥 𝑠𝑖𝑛 𝑠𝑖𝑛 (𝑎𝑥)     

8 𝑥 𝑐𝑜𝑠 𝑐𝑜𝑠 (𝑎𝑥)   
( )
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9 𝑠𝑖𝑛ℎ 𝑠𝑖𝑛ℎ (𝑎𝑥)     

10 𝑐𝑜𝑠ℎ 𝑐𝑜𝑠ℎ (𝑎𝑥)     

11 𝑒

𝑠𝑖𝑛 𝑠𝑖𝑛 (𝑏𝑥)   
  

( )
 

12 𝑒

𝑐𝑜𝑠 𝑐𝑜𝑠 (𝑏𝑥)  
  

( )

( )
 

 
Table(1): Elzaki transform for fundamental functions . 

3. The general Formula of solution to the non-homogenous system of first order in n-
dimension. 
Taking Elzaki transformation for system (2-1), yields: 

( )
− 𝑤𝜂 (0) = 𝜑 𝐸 𝜂 (𝑡) + 𝜑 𝐸 𝜂 (𝑡) + ⋯ + 𝜑 𝐸 𝜂 (𝑡)   

+𝐸 𝛽 (𝑡)        

           ⋮      ⋮ 
( )

− 𝑤𝜂 (0) = 𝜑 𝐸 𝜂 (𝑡) + 𝜑 𝐸 𝜂 (𝑡) + ⋯ + 𝜑 𝐸 𝜂 (𝑡)   

                                      +𝐸 𝛽 (𝑡)        

Where 𝜂 (0), … , 𝜂 (0) are initial conditions. 

− 𝜑 𝐸 𝜂 (𝑡) − 𝜑 𝐸 𝜂 (𝑡) − ⋯ − 𝜑 𝐸 𝜂 (𝑡) = 𝑤𝜂 (0)  

                                                                                +𝐸 𝛽 (𝑡)    

                ⋮    ⋮     ⋮ 

− 𝜑 𝐸 𝜂 (𝑡) − 𝜑 𝐸 𝜂 (𝑡) − ⋯ − 𝜑 𝐸 𝜂 (𝑡) = 𝑤𝜂 (0)  

                                                                                +𝐸 𝛽 (𝑡)    

using Gramer's rule, such as: 

∆= − 𝜑  − 𝜑  ⋯ 𝜑  − 𝜑  − 𝜑  ⋯ 𝜑  ⋮  −𝜑   ⋮  −𝜑       ⋮

 ⋯ − 𝜑     

Also, 

𝐸 𝜂 (𝑡) =
∆

𝑤𝜂 (0) + 𝐸 𝛽 (𝑡)  − 𝜑  − 𝜑  ⋮ ⋮ ⋮  𝑤𝜂 (0) + 𝐸 𝛽 (𝑡)  −

𝜑  − 𝜑            (3-1) 

       ⋮  

𝐸 𝜂 (𝑡) =
∆

− 𝜑  − 𝜑  𝑤(𝜂 (0) + 𝐸 𝛽 (𝑡)  − 𝜑  ⋮   − 𝜑  ⋮   ⋯               −

𝜑  − 𝜑  ⋯  𝑤𝜂 (0) + 𝐸 𝛽 (𝑡)                  (3-2) 

After taking inverse of Elzaki transform to 𝐸 𝜂 (𝑡) , … , 𝐸 𝜂 (𝑡) , can be obtion the solution 

of system (2-1). 
4. The general formula of solution to the homogenous system of first order in dimension 
n. 
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If 𝛽 (𝑡) = 0, 𝑗 = 1, … , 𝑛 in system (2-1), then it is called homogenous system. In similar 

steps of section (3), can obtained the solution as: 

𝐸 𝜂 (𝑡) =
∆

𝑤𝜂 (0)  − 𝜑  … − 𝜑  𝑤𝜂 (0) − 𝜑  ⋯ − 𝜑  ⋮  𝑤𝜂 (0)   ⋮  −𝜑   ⋮

 ⋯ − 𝜑               (4-1) 

      ⋮  

𝐸 𝜂 (𝑡) =
∆

− 𝜑  − 𝜑  ⋯ 𝑤𝜂 (0)  − 𝜑  − 𝜑  ⋯ ⋮ ⋮  −𝜑   ⋮

 −𝜑   ⋯ 𝑤𝜂 (0)              (4-2) 

In similar way taking inverse of Elzaki transform to (4-1) … (4-2) can be obtain the solution 
of homogenous system. 
 
5. Application 
In this section, we introduced supported examples that shows efficiency of derivate formulas. 
Such as Tank, Pendulum and Electric: 
5-1 Tank system of equation:  
One of the important application of mathematical system is tank, which has the general 
formula 

𝜂` (𝑡) = 𝜑 𝜂 (𝑡) + 𝜑 𝜂 (𝑡) 𝜂` (𝑡) = 𝜑 𝜂 (𝑡) + 𝜑 𝜂 (𝑡) ]      
          (5-1) 
𝜂 (0) = 𝑎   , 𝜂 (0) = 𝑎   
This system represent tank connection activity with water inlet and exist resources. 

𝐸 𝜂 (𝑡) = 𝑤
( )

( ) ( )
      

  𝐸 𝜂 (𝑡) = 𝑤
( )

( ) (  )
      

Taking 𝐸  for above equations : 

𝜂 (𝑡) = 𝐸 𝑤
( )

( ) ( )
             (5-2) 

  𝜂 (𝑡) = 𝐸 𝑤
( )

( ) ( )
                    (5-3) 

𝜂 (𝑡) and 𝜂 (𝑡) repersant the solution of system (5-1) 
For example, if has two tank as in figure (1) where each holding 24 liters of seawater, and a 
cylinder connecting them. Water is transported under pressure at a rate of 8L/m from the first 
tank 𝑇 , to the second tank 𝑇 . And with reduced pressure, water moved at a rate of 2L/m from 
Tank 𝑇  in the second Tank to Tank 𝑇  in the first. Moreover, fresh water is added to the first 
tank (𝑇 ) at a speed of 6, and water is removed from the second tank at a similar speed (64m). 
As indicated in the illustration, salt is present in each of the two tanks. So, the following system 
is used to explain the problem if we want to determine the mass of salt present in each tank at 
a given moment. 
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Figure (1): Tank Application 
Consider problem as the system  

𝜂` (𝑡) = − 𝜂 + 𝜂   ,  𝜂 (0) = 1  

𝜂` (𝑡) = 𝜂 − 𝜂   ,  𝜂 (0) = 6   

By using formula (5-2) and (5-3). We get  

𝜂 ( ) = 𝐸 𝑤
( )

( ) ( )
      

𝜂 (𝑡) = 𝐸 𝑤
( )

( ) ( )
      

Simplification  

𝜂 (𝑡) = 𝐸 𝑤   

𝜂 (𝑡) = 𝐸 𝑤   

𝜂 (𝑡) = −𝑒 + 2𝑒   

𝜂 (𝑡) = 2𝑒 + 4𝑒   
where 𝜂 (𝑡) and 𝜂 (𝑡) represent salt mass that collects in the tanks over time.   
 
5.2 Pendulum Application 
Pendulum is another application of mathematical system, which has the general formula. 
𝜂``(𝑡) + 𝜒𝜂`(𝑡) + 𝛿𝜂(𝑡) = 𝛽(𝑡)               (5-2) 
where 𝜒 and 𝛿 are constants, with 𝜂(0) = 𝑎 , 𝜂`(0) = 𝑎  
using formula (2-3) to convert equation (5-2) to system of first order. 

 𝜂` (𝑡) = 𝜂 (𝑡) ,                                           𝜂 (0) = 𝑎  

𝜂` (𝑡) = −𝜒𝜂 (𝑡) − 𝛿𝜂 (𝑡) + 𝛽(𝑡)              𝜂 (0) = 𝑎  
From formula (3.1) – (3.2) to obtain the solution 

𝐸[𝜂 (𝑡)] = 𝑤
( )

  

𝐸[𝜂 (𝑡)] = 𝑤   

Taking inverse of Elzaki after simple calculation 

6 
/  

2 
/  

𝑻𝟐 6 
/  

𝑻𝟏 
8 

/  
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𝜂 (𝑡) = 𝐸 𝑤
( )

           (5-4) 

𝜂 (𝑡) = 𝐸 𝑤            (5-5)  

𝜂 (𝑡) and 𝜂 (𝑡) represent the solution of system (5-2) 
For example if we take 𝜒 = 5 and 𝛿 = 4, 𝑎 = 0, 𝑎 = 1, 𝛽(𝑡) = 𝑒   
Then  equation (5-2) become 𝜂``(𝑡) + 5𝜂`(𝑡) + 4𝜂(𝑡) = 𝑒   
By using (5.4) – (5.5) to find the particular solution of above equation. 

𝜂 (𝑡) = 𝐸 𝑤   

𝜂 (𝑡) = 𝐸 𝑤   

𝜂 (𝑡) = 𝑒 + 𝑒 − 𝑒   

𝜂 (𝑡) = 𝑒 − 𝑒 + 𝑒   

𝜂 (𝑡) and 𝜂 (𝑡) represent the solution of converting system.  
5.3 Electric Application  
An electric circuit can be expressed as a system of first order, which has the form 
 
 
 

Figure (2): Electric circuit 

𝜖 = 𝑅𝐼(𝑡) + 𝐿𝐼 (𝑡) + 𝑄(𝑡)  

R; ohms = resistance 
L; henrys = inductance  
C; farads = capacitance 
Since 𝐼(𝑡) = 𝑄′(𝑡) and using formula (2.3) yield : 
𝑄 (𝑡) = 𝑆(𝑡)  

𝑆 (𝑡) = − 𝑆(𝑡) − 𝑄(𝑡) +    

The solution of above system can be obtained by using the general formula of (3.1) - (3.2) 

𝑄(𝑡) = 𝐸 𝑤𝐸[𝑆]               (5-6) 

𝑆(𝑡) = 𝐸
[ ]

              (5-7) 

For example: An electric circuit with an emf of 10 volts, 1 Henry inductance, 4 ohm resistor, 
and 5 Henry capacitor are farad linked in series. The capacitor's charge and the circuit's current 
are both zero at time 𝑡. At any moment after 𝑡 > 0, to switch the charge and current. 
Suppose that at time 𝑡, 𝑄 and 𝐼 represent the respective instantaneous charge and current. 
Then by kirchhoff's law: 
𝑄 (𝑡) + 4𝑄 (𝑡) + 5𝑄(𝑡) = 10  
 sine 𝐼 = 𝑄   , 𝐼 = 𝑄   
𝑄 = 𝑆  

𝜖(𝑡) 
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𝑆 = −4𝑆 − 5𝑄 + 10  
Using formula (5-6) , (5-7) to find charge in capacitor 
𝑆(𝑡) = 10𝑒 𝑠𝑖𝑛 𝑠𝑖𝑛 𝑡   
𝑄(𝑡) = 2(1 − 𝑒 𝑐𝑜𝑠 𝑐𝑜𝑠 𝑡 − 2𝑒 𝑠𝑖𝑛 𝑠𝑖𝑛 𝑡 )  
where 𝑆(𝑡) and 𝑄(𝑡) represent current and charge respectively.  
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