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ABSTRACT

The present study proposes and explores a food chain model to study about the dynamical
behavior of two preys and a predator ecosystem where the preys having competitive interaction
among themselves. A Holling type-II functional response has been adopted for first prey and a
predator of the proposed model. The boundedness, stability, existence condition of equilibrium
of the model is investigated both from analytical and numerical point of view. Hopf bifurcation
analysis is also discussed at the positive equilibrium point and a global property of dynamical
system is one of the parts of the study. Here, the presented work also utilized to calculate the
instability of the population throughout the co-existence’s state of steady because of the white
noise. At last, the study is hold up by performing the numerical illustrations.

Keywords:Holling type-II response function; Two Preys —Predator;Local stability;Numerical
Simulations; Global stability.

1. INTRODUCTION

In daily routine life, various equations are playing a significant role to calculate the
implementation of new methods and ideas. The development of these calculations is really
applied to give the direction for various phenomena which can able to demonstrate the various
equation that is in the form of equation language. Based on the physical phenomena and the
conditions given many of the models are converted as a system of nonlinear differential
equations. Later finding the solutions of those models are very difficult by following the
analytic techniques so that such complications can be avoidby using either qualitative or
numerical techniques which are more effective than analytical techniques. Many biological
models have been modeled in terms of nonlinear differential equations. After the pioneer work
from the Lotka and Volterra most of the biologists and mathematicians together extended their
work under certain conditions around to different types interactions among two species [3, 9,
17, 18, 21] and the multi species [4, 20].Stability analysis of prey-predator models and their
role in environment can observe in [2, 13]. Later many authors have been introduced time delay
effect to the species.The general discussions on delayed biological systems had in the articles
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of Cushing [1], May [12], Gopalsamy [5, 6], Martin and Ruan [11], Kunal Chakraborty et. al
[8] and recently Papa Rao [15] with three species system. Hopf bifurcation analysis of three
species with or without time delay can be found in [10, 22, 23]. Three species ecological models
with different types of functional response among species can see in [7, 14, 16, 19].

The dynamical interaction between three species with Holling type-II response function is
included for the first prey and a predator species for the logistical model, whereas the predator
species is going to extent is discussed. In this paper we studied the local and global stability of
the system at each existing equilibrium points by perturbed technique. Further in the last section
we have given the numerical solutions of the system at particular parameter values in the model
which interns shows how the system transformed to stability to unstable or vice versa.

2. MATHEMATICAL MODEL

x(t), y(¢) are the two prey species populations (in thousands, or millions, or whatever) and
z(t) denotes the density of the predators at any instant of time¢. Based on the response of

Holling type-II functional, the first prey species xis intake by the hunter - and furthermore,
both the preys’ species ( x, y ) are competing each other.

2.1 Assumptions

e The parameters r and s are intrinsic growth rates of the prey species xand y respectively

e The prey specie’s development is considered as a logistic.

e The parameters k and /are the carrying capacities of two prey species xand y
respectively.

e The competing participants for prey species xare defined as the parameter o

e Also, the for-prey species y is defined as the parameter o .

e Here, the participants are decided based on the competition interaction between both of
them.

e The single hunter z ’s attack rate which is hunt for the single prey species is considered
as theparameter f3, .

e This action is performedwhenever the hunter is not currently consuming any prey
species.

e The hunter z’s half saturation level is defined as the parameter r;which is over the first
prey species x.

e The hunter z’s coefficient of natural death rate is denoted as the parameter /£, .

Boxz

n+x

e The first prey x’s grazing functional response is represented by the condition of

and it is performed by the hunter.
e The Holling type-II functional response is known by this grazing functional response.
e Which is representing the consumption rate of the prey species x by the hunter z.
e Here, Holling type-II’s half saturation constant is denoted as 7.
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Here, two preys are aggressively interacted each other where the multi-interaction’s model
equation is performed between three preys. According to the Holling type-II functional
response, the first prey is consumed by the mortal hunter which is derived in the below given
formula that is denoting the non-linear decoupled variational equation.

d—xzrx(l—%j—axy—&

dt o+ X
d_yzsy( _lj_gxy @.1)
dt [
dz  p,xz
- B,z
dt n+x Py

3. BOUNDED AND DISSIPATIVENESS OF THE MODEL

Consider Q, = {(x y.z)/ x,y,z2 0}. The model equation (2.1) is studied in O, or in Q, for the

biological meaning of practical. From the first two equations of the system (2.1), it is easy to
derive limsup, ., x(¢t) <k and limsup, |, y(t)<I.

Lemma 3.1The model equation (2.1)’s result (x(t),y(t),2(1))that have the initial values
x(0)>0,y(0)>0,z(0)> 0 which is bounded, dissipative and positive for entire t>0 and it is
provided as B, < p,.

Proof:Obviously, the solution (x(t),(t),z(1)) of the system (2.1) with initial conditions
x(0) >0, (0) > 0,2(0) > 0 is positive for allz > 0. Define the function W(x,y,z) =x+y+z then
from system (2.1), it follows that

dW _dx dy  dz

=—+ +
dt dt dt dt
2 2
dt k n+x / n+x
2 2
=rx—%—(a+5)xy+sy—sy s

= (ﬂ] _ﬂz)_ﬂoz
X

[ n+

Assume that g, < g, then the above equation becomes

By introducing positive constant & =min{k,/}, The aforementioned mathematical formula can

derive as given below:
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aw r 2 2 S (12 2 _
7+§WS;(,{ —(x—k) )+7(1 —(y=1))<rk+sl=u
d_W+§W<ujw—1+me’5’ where m—W(O)—E

dt B 4 ’ g

= W (x(1), y(1), 2(¢)) < %(1 e LW (0)e
Therefore 0<w(r) S? , for ¢sufficiently large, provided £, < 3.

Therefore, Ri are confined in the region Q= {(x, Y,Z)ER W =x+y+z< %} which is

initiated by the entire results of the model equation (2.1).
Hence the system is dissipative, provided £, < f,, which completes the proof.

4. EQUILIBRIUM POINTS
The following are the possible equilibrium points which will useful to know the stability of the
system (2.1).

e All species extinct state E, : (0,0,0)

e The equilibrium point £, : (O,Z ,0) on the boundary of second octant.

e The equilibrium point £, : (k,0,0)on the boundary of first octant.
ks(r—la) an
rs —klad

e The planner equilibrium £, :(x,7,0)on the planex—y, wherex = d

__rl(s—ko)
rs—klas

e The equilibrium points of the boundary E :(f, O,E) on the axis planex—z, here

)_C= ’iﬂo and?: I"I"lﬂ2 (1_ krlﬂo J
ﬂz_ﬁo ﬂ1(ﬂ2 _ﬂo) ﬂz_ﬁo
e The positive equilibrium point £ :(f,f,?), wherex = %,
2~ Fo

4

y = 1(1 - Mj andizi{r—la+l—ﬁ°(@—iﬂ
s(B, = Bo) BB =5 Br=B\ s k

Now we will see the behavior of the species based on the solutions and nature of the phase
plane by computing the eigen values of the 3 X 3 coefficient matrix around each equilibrium
of the nonlinear system after reducing into linear system. The three-dimensional linear system
have three eigen values at every particular equilibrium point, so by observing the nature of the
eigen values we can identify the species behavior near the equilibrium point. i.e. the local
stability of the system can have based on the eigen values.
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S. EXISTENCE AND STABILITY OF EQUILIBRIUM POINTS

The matrix representation of the linearized system of equations by introducing the small
perturbation U such that X = X + U over the equilibrium state is as follows

v _ gy
dt
whereU = (u,,u,,u;)", X =(x,y,z)" and
—2”—0!)7—/317 r—l_2 —ax —ﬂl—x_
k (n+Xx) n+Xx
J = —57 sV _ 5% 0
np,z Brx _
—\2 O — 0
(n+x) n+X

Theorem: 1At the extent point of the equilibrium, the model equation is always unbalanced.

In this case, the variational matrix for linearized system at £, :(0, 0, 0) is given by

r 0 0
J, =0 s 0
00 -4

The corresponding eigen values are r,s,—f3,. The extinct equilibrium region becomes saddle

point and hence the given system is unstable always.

Theorem: 2If o > ; thendynamical system is stable at the equilibrium point E, otherwise is

unstable.

Proof:The corresponding variational matrix at £, is

r—la 0 0
Jg,=| =16 -5 0
0 0 -5

The eigen values for this matrix are/—ar,—s,— f,. All three eigen values arenegative if

r . S .
o> 7and hence the system becomes stable state,otherwise the equilibrium region becomes

saddle point and so the system is unstable.
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B

2 0

Theorem:31If k > % and k > , then the system is stable at E, otherwise is unstable.

Proof: The coefficient matrix for linearized system at this point £, : (k,0,0) is

r+k

Jpg, =] 0 s-05k 0
o o Lk _p

r+k

The characteristic equation for this matrix is

(/1+r)(ﬂ—(s—5k))(/1—[%—ﬁoﬁ=0.

h

Bk

n+k

B

2 0

-r,s — o0k and — p, are represents the eigen values of the system. The system is stable

if k£ > % and k > in all other cases the system is unstable.

Theorem: 4 If& > ks(r = al)

, the bound. teady state E,(x,y,0) i
B, r(rs—klad)+ks(r—al) € boundary Ssteaay slaie 4( y )ls

stable.

Proof:Equation to calculate the corresponding Jacobin matrix under theequilibrium region
E, (X, », 0) is derived below:

Suo S Si
JE4: Sy S, 0
0 0 §;
where S, =r 2 ay, S, =-ax, ;= ﬁlx_,SZI— oy, S22—s—2ﬂ—§_ and
k n+x /
Bx
Sy =—2—=f.
r+Xx

The characteristic expression for the above matrix is represented below:

(/12 _(Sn + Szz)/l‘*'(SnSzz _S12S21))(/1_S33)= 0.
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IfS,, <0,S,, +S,, = - (% + %} <0andS,,S,, —S,S,, =)?)7(%— a5j >0 which implies

that 20 > ks(r = al) , the equilibrium point E, (¥, 7, 0)is stable otherwise is
B, r(rs—klad)+ks(r—al)

unstable.

Theorem:5The equilibrium region E,(X, y, 0) becomes asymptotically stabilized globally at

the interior portion Rf of the plane x — y along with the term which is defined in Theorem 4.

Proof:The system becomes reduced to obtain the subsystem in the interior portion ofthe x—y

planewhich is represented below

dx

X
E: rx(l—;j—axy = fi(x,y)and

dy y X
ZZSJ/(I—TJ—&W = f,(x,¥)

Here, consider N (x, y) is equal to % and it is describes N(x, y) >0, V (x, y) in interior portion

ﬂ
ol
dy xy | LHGey)] ox|yU & oy | x !

dt

~

V.IN(x,»)].
ofR’.

| =+ 2 <0, V(x,p)eR>
vk x|

Therefore, no time wise result is obtaining in the plane x—y’s interior R+2 which is based on

the criteria of Bendixson-Dulac.Meanwhile, the entire model equation’s results are bonded
with each other and the equilibrium point of unique point is considered as E, which is placed

in the plane x-y’s interior R+2. Therefore, the equilibrium point E,(X, y, 0) is

asymptotically stabilized in worldwide which is in the interior R+2 based on Poincare

Bendixson-Dulac theorem.

Theorem: 6The equilibrium region E,(X,y,0)becomes asymptotically stabilized in

worldwide in the interior R.® with the consideration of term which is derived in Theorem 4.

Proof:The nonlinear system’s Lyapunov function is derived as,

Vi(x,y,z)=1 {x—f—flog[éj}ﬂz {y—y—ylog[%j}
* y
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The following equations are obtained in the basis of variations with respect to ¢ and the
replacing results of x, y,z.

ﬁ—l{ )dx ") Y \dy
d '\ x Jdt y

:l1(x_f)|:r£l_£j_ay_ 1812 }rlz(y—)_’)[s—ﬂ—é'x}
k n+x [

By proper selection of r = LEN ay + by Z_ ,8 = 3y + Ox the above equation becomes
k o+ X )
dV i z sl
—(x=X) —al(x=X)(y =)= Bl (x-%) - |-y
dr k n+x n+x [

0L (x=x)(y-y)

I ., sl ., _ _
—’”k—l(x—x> —ST(y—y) —(al + SL)(x~T)(y - )

_llﬂlrl[(x—f)(z—?_) ]+[ hpiz(x = %) J_[llﬂlx(x—f)(z:f)]

(n+x)(r +x) (n +x)(1 +X) (r+x)(r +x)

/ / /
- —(r—l—#j(x—ff ST T) (@ + L) = D)(y - 7)

ko (rn+x)(n +X)

- llﬂl ( (r- )?—)(Z__ Z) J

(n+Xx)

Choose / = l =1, the above equation becomes

a(n+Xx)

dVlz_[r(r1+Y)_ z . H) - Py 7)

dt kB, (r, +x)
- (x—x)(z-2)

= — I"(I”l-f-,?)_ l +L+L M+5 (x_f)z
kB, (n+x) 2 2 B

s 1fati+® I
+2[ +5H(y ) 2(2 z)

](x—f)2—§(y—7)2—<

1

K A,
av, [ r(n+x) z +L+L a(r1+f)+5 (x - 7)?
e kB, (n+x) 2 20 B

s 1fati+D Lo

_l+2( 7 H(y y)? (Z 7)?
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kp, 2 2 B dt
equilibrium region the system becomes globally stable £, (X, y, 0).

+x) 1 1{a@+x
M+— + —((’"—x) +0 J > (r—ix) thenﬁ <0 and hence by known theorem, At the
1

Theorem: 7 If x > % and z < kL (1, +X)* then the boundary steady state E ( x, 0, E) becomes
1

stable inx—z plane.

Proof:For this Theorem, the equivalent Jacobin matrix expression is given below

ay, 4, 4y
JE;_ 0 a, 0
a,, 0 0
2rx npz _ x —
wherea,, = r - - “Bl_ =, 4, = —aX, d; = —’Bl—_, a,, =s—06x and
k (r,+X) n+Xx
rB,z
y =———7-
(1 +X)

The characteristic equation of J, is (/12 —a, - a13a31))(a22 —4)=0.0ne can observe that

o __S _ _ S
a,, <0 anda,, <0,a,a;, >0 which implies that X > 5 and z < kL(r1 +X)*, the equilibrium
1

region FE; ( X, O,E) becomes unstable when it is not lying on the plane x—z.

Theorem: 8The equilibrium region E((x,0,z) is asymptotically stabilized in
worldwideaccording to theTheorem-7 and x> (r,+k) which is lying on the plane x—z’s
interior R

Proof:The model equation (2.1) is decreases to following sub equation for any value in the

. . 2 . . . . . 2
x—z plane’s interior R,” which is placed in the same plane’s interior R,”.

Se=rx(1-7) - B = femand] = B2 - gz = fi(x,2)

dt r1+x r1+x

Now, letM (x,z) = r;;x, thenM (x,z) > 0,V (x, z) in the interior of Rf.
dx
de| _ o [(mt x) (fg(x. z))}
7. M2 = (55 Gan
dt

-l 0D+l s )
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+
-5

r(x—(r+k)
_E(f

) <0,V(x,2) €R,?

According to the Bendixson-Dulac conditions, In the interior portion of Rf of plane x—z does

not consists of periodic results. Meanwhile, the entire model equation’s results are bonded
with each other and the equilibrium point of unique point is considered as E5 which is placed

in the plane x — z’s interior R+2. Therefore, the equilibrium region E (X, 0,z)becomes

asymptotically stabilized in worldwide which is in the interior R+2 based on Poincare

Bendixson-Dulac theorem.

a+2r . Bz
2k (n+x)(1+X)

Theorem: 9When

the equilibrium point E (x, 0,Z) is asymptotically

stabilized in worldwide in the interior R with the consideration of term which is derived in

Theorem 7.

Proof:The positive definite function is considered as

V,(x,z)=m, [x—)?—)_clog(éj}rmz {z—E—zlog[éﬂ
X z

Here, the positive constants are described as m,,m, .

The following equations are obtained in the basis of variations with respect to ¢ and the
replacing results of x, z.

dv, (x—?c}dx [z—?jdz
=m, —+m, —
dt x )dt z )dt

:ml(x—f)[r[l_ij_ay_ bz }rmz(z_g){ Box _ﬂo}
k +x

n Htx

By proper selection of r = % +ay + bz B = P.x the above equation becomes

pu—

pu—
rn+Xx rn+ X
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av,
dt

:_%(x_)_c)z_aml(x_)_c)(y_)_")_ﬁlml(x_)_C)( = - z ]

n+x n+x
| x X
+m2ﬂ2(2_2){ - }

n+x n+x

rm mz _ _ _ x=x)z—-z
| T PE 2 am (x- )y -3) - o | ST
ko (n+x)(1+X) (7 +x)
x=x)z-z
+ f,m,n L(_)
(1 +x)(r +X)
The aforementioned equation is modified as given below equation by selecting the non-
negative constants m, =1 and m, = M
Bor,

av, Z_{L Az }(x—f)z—a(X—f)(y_J_’)

dt ko (r+x)(r +%)
r Bz a _, 0
=—|—- +—|(x=X%X) ——(y—
[k (r, +X)(r, + T) 2}( Vo)
:ﬂ<0,ifa+2r> Bz
dt 2k (rn+x)(r,+X)
. O+2r Bz ey . — .
Therefore, if > , the equilibrium point E (X, 0,Z) is asymptotically

2k (r +x)(r, +X)
stabilized in worldwide with the help of the theorem of Lyapunov.

Theorem: 10 The equilibrium region in interior portion Ej: ( )T,)_/,E) exists if f, > p,.r > la

and klad > rs .

Proof:assume thatx, y, zare the positive results for the following expression

r(l—%j—ay— bz =0, s[l—%)—&szandﬁ—ﬁo = 0. By solving above expression

n+x n+X
we obtainx = 1Ay ,le(l—ﬂj and
ﬂz_ﬂo S(:Bz_ﬂo)
z= L{r —la+ ﬂ(@ —Lﬂ . Hence the equilibrium region at interior portion
ﬂl(ﬁz _ﬂo) ﬂz _150 s
E (X,y,Z)exists if B, > B,, r>laand klas > rs.

Theorem: 11If B, >0,B, >0 and BB, > B;, the interior equilibrium region E (X,y,Z) is

asymptotically stabilized in local wise.
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Proof: Jacobian matrix is given below for the equilibrium region condition.

ay a4 4y
Jp, =4y ay 0
a;, 0 0
p.xz rx _ £.x _ sy
_ 1 _ _ 1 _ _
herea), = ———-—,a, =-aXx, a, =- —, a, =—-0Y, a,, =———and
(n+Xx) k n+X [
_ _hbhz
a, = —.
(1 +X)

The characteristic equation of J, is A’ + B A’ + B,A+ B, =0.
N
Here B =-(aq, +a,)= —

B, = a,,ay, — ay,a,, —a;a,,

nsp L, xyz
B, =a,,a,a,, = —"—*——and
3 13731722 ZN13
—\ 772
N, = (5 + %) > 0, N, = r¥IN? + sFKN® — kB3 > 0, when g, < LT ESIIN,
kixz
- 2
If B, < (e + ksy)N, the coefficients of characteristic equation B, >0and B, >0.

Ixz

Now A = Ble _B3 = _(all + alz)(anazz _a12a21)+a11a13a31

N__BSEVEN, ¥VN, (g_ M} "lﬂlﬁzf?(ﬂ_ ﬂlf?J
kl

kI* N} kIN} N} k N/
3 — —
1£g,> iy Vlsf +£(kla5—rs)}thenA>O.
Frnfpxz(rNy —kf,z) | N, k

The necessary and sufficient conditions for the stability of the system by Routh-Hurwitz
criterion is B, >0, B; > 0and BB, > B; . It is clear from above that it holds the conditions of

Routh-Hurwitz criterion at the satisfied conditions and hence the system is locally stable at this
equilibrium point otherwise is unstable in all other cases.
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Theorem: 12 Along with the conditions stated in the Theorem-11 and if

2r+k(a +5p) > z —, the interior equilibrium point E6()7,)7,E) is globally
2k, (r +x)(r + X)
asymptotically stable.

Proof: Let the Lyapunov function for the nonlinear system be

V.(x,y,z)=n, [x—)?—)_clog(éj}rnl [y—)_/—)_/log(%ﬂﬂg {Z—E—Elog(éﬂ
X y z

The following equations are obtained in the basis of variations with respect to ¢ and the
replacing results of x, y,z.

dV, :nl(x—xj@Jrnz y—y d_y+n3(z—zJ£
dt x )dt y dt z Jdt

By proper selection Ofl"z%-f' ay + piz ,S = R ox ,pB, = ﬂzx_’ the above

o+ X [ r o+

equation becomes

v,
dt

=nl(x—f){—%(x—f)—a(y—?)—ﬂl[ - ﬂ

n+x nKR+Xx

+nz(y_J_’){_;(y_)7)—§(x—)7)}+n3(z—f)ﬁ2{ * X }

ntx n+Xx

- —%(x—f)z —%(y—f)z —(an +6m)(x-%)(y—7)
B [ nEz-2)+x(z-2)-Z(x—X)
ﬂ1n1(x x)( (7’1 N .X)(l"l %) ]"‘ 7/1:32”3
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dv, rn — SH = X vy
C =T () = T (73~ am + )k~ D= 7)

o ((@=®E-2) =% (x—%)(z—2)
ﬂlnl( (7 +2) )%”‘ [(n+x)(r1+7c)J+rlﬂ2n{(n+x)(r1+f)}
__| M pmz By
Lk (00 +X)

_,Blnl((x—)?)(z—f)}rrlﬂz%{(x—f)(z—?)}

(r +x) (7 +x)(r, +X)

}(16—97)2 —%(y—)_/)2 —(am +0n, )(x=x)(y~y)

n+x

. 1
choosing n, =—,n, =landn, =
I
1 271

, the above equation becomes,

r z -2 S _n [ a I
——[kﬂl—(“x)(rlﬂ_c)}(x—x) Z(y ») (ﬂle(x )(y-y)

r z 1| a o s 1| a _
Z{kﬂl_<n+x)(n+f)+5(ﬁ+§ﬂ(x_x) {7+5(Z+§ﬂ(y_”

2r+k(a+5ﬂ1)> z
2k B, (n+x)(r +X)

theorem, equilibrium region in interior portion E¢ (X, y, Z) is on globally asymptotically stable

av,
dt

If

then% <0 and hence from known according to the
t

state.
6. HOPF BIFURCATION

In this study, performance of the dynamic system is showcased by utilizing many parameters.
Whenever the species are co-existing in equilibrium state, the constant prey-predator
parameters are often established on steady state. Even though, if any changes are takes place
in the parameter of the model the entire performance of the system can be changed. Bifurcation
points is a transition which is occurs due to the condemnatory parameter values. Whenever, a
system has significant periodic results at that time Hopf bifurcation occurs. In this portion
discussed about Hopf bifurcation occurs at the point of condemnatory value 8, = 35

(rIx + ksy)N;
kixz
uncomplicated Hopf bifurcation occurs for the system. the condemnatory value is 8, = 5.

Theorem 6.1 consider that S, <

, at the point of condemnatory value a

Proof: Liu technique is utilized for examine the model of the Hopf bifurcation.

Consider that local stability constraints are taken for the Hopf bifurcation model

3 — —
By =— _NIN;y _ ﬂlsf + 2 (ka5 = rs) |, then
! rlﬁlxz(er _kﬂlz) Nl k
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__N

B, |ﬂz=ﬁ2‘ kIN? >0

—2 —
B| . =— N;Sy — ﬂlszz+&(kla§—rs) >0
5T P(N?—kBZ)| Nk
—2—
A = rﬂl#(rzvf —kBZ)#0
dﬂz Br=By" kNl

Therefore d—A
2

# 0. Thus, uncomplicated Hopf Bifurcation occurs at the point of the
ﬂ2=ﬁ2*
condemnatory value of £, = 3," is proved

7. STOCHASTIC ANALYSIS

In this portion, developed the stochastic type of framework (2.1) which is utilized for identify
the impact of the noise. By the stochastic type of framework, enumerated the variances
occupied on the positive equilibrium state owing to the noise. The additive gaussian white
noise occurs at the model due to the irregular noise of the model and their disturbances
described below:

= rx(l —%}—axy LN k& (2)

n+ X

dy y

= = —Z -6 k& (t

i Sy( Zj xy +k,&,(1) 7.1
d Xz

dz _ Brxz — Boz+ k& (1)

dt  n+x

Here two preys terms are denoted as x(t), y(t) and hunter terms are z(t).

k,,k,, kare assumed as a real constant. &(t) =(&(),%,(1),& (1)) represents the three-dimension
procedure of the Gaussian white noise which is utilized for satisfying E[£(1)]=0,i=1,2,3.
E [5,. ®)¢; (t')] =6,6(t—t),i=j=1,2,3.Kronecker symbol is denoted as s, , Dirac operation

is denoted as o .
Let x()=u, +T" ,y{t)=u, + S ,z(t) =u, + R’
The species processing time derivatives are given below

dx _du dy du, dz _du,

dt dt dt dtdt dt

Journal of Data Acquisition and Processing Vol. 38 (3) 2023 382



MATHEMATICAL STUDY OF COMPETITIVE PREYS - A PREDATOR WITH HOLLING TYPE-II FUNCTIONAL RESPONSE

Then, replacing the above derivatives in expression (7.1)

du; . u, +T* i o Bi(uy +T")(uz + RY)
dt—r(u1+T)(1— . )—a(u1+T)(uz+S)— @+ T
+ k181 (8)
du u, +S*
dug _ Ba(us+T")(Uz+R") *
T T, Bo(us + R*) + k3é3(b)
(7.2)

Linear part of the above equation is

duy T N ., B X
W = —EulT - auzT - r_1u3T + klgl(t)
duz * S *
— = —6u,S _Tuzs + k&, (1)
da *
% = f—flﬁR + k3&3(t)

(7.3)

By taking fourier transform to the expression of (7.3) on the both sides, we obtain

k& (w) = (iw + %T*) i (w) + aT 1, (w) + f—iT*fg(w)

ko (@) = 65"y () + (i + ;s) (@)

kabs(w) = — 2R i, () + iwiis () (7.4)

1

The following expression (7.5) represents the matrix form of the above expression (7.4)

M(w)ii(w) = §(w) (7.5)
A) B C(w) % (0)] £1(w)
where M(w) = |D(®) E(w) F(w)|;i(w) = |lz(0)|; (w) = [&(w)
Gw) Hw) I(w) il (w) £2(w)

and A(0) = iw +T% B(w) = aT"; C(w) = 217
1

S

D(w) =68 E(w) =iw + ;

S F(w)=0
G(w) = —f—lzR*;H(w) =0;l(w) =iw

From the expression (7.5), we obtain
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w(w) = [M(w)] "¢ (w) (7.6)
Let [M(a))]f1 = L(w) , where

AdjM(w)

L(w) ==

(7.7)

Thereforeii(w) = L(w)é(w) (7.8)

Whether Y(t) function contains a mean value of zero then the variances that is fluctuation
intensity of the function components with the ranges of frequency (w, w + dw) is considered
as Sy(w)dw. Where Sy(w denotes the function Y spectral density and which is expressed
mathematical by the following expression

Vv 2
Sr(w) = Lt =2 (7.9)

Whether the function Y contains a mean value of zero then the invertible transform of Sy (w)
becomes auto covariance operation

Cr() =7 Sy(w)e dw (7.10)

The fluctuation intensity of the function Y(t) is described in mathematical expression which is
given below

2 _ _ 1 (>
oy = Cy(0) = - S Sy(w)dw (7.11)
Next,auto correlation operation is transformed into function named auto variance

C
P,(x) = % (7.12)

The mathematical expression for the Gaussian White noise procedure is expressed below

Lt E[¢i (@)i; ()] 1

T T
2 (2 . ' ,
Sfifj = = Lt J‘_T J-_TE[EI((A))E]((A))] e"“"(t_t )dtdt = Sij
2z

T—+00 T fotoo T

(7.13)

By the expression (7.6), we obtain
i(w) = X3 Lij(w)éj(w);i = 1,2,3 (7.14)

By (7.9), we have
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3 2

Su(@) = ) a(@)|Lyy(w)

Jj=1

;1 =1,2,3

By (7.7), we obtain

2 1 Umk 4 Zd +Jmk e Zd +Jmk G Zd }
o; =— W ——| dw ——| dw
2 ) HIM(w) oo MM (@) o M (@)
2 _ 1 Umk 42 Zd +Jmk Bz Zd +Jmk 2 Zd }
o; =— W ——| dw ——| dw
2 2m ) HIM(w)] oo MM (@) o M (@)
2 _ 1 (e A5 | P B; |2 o ¢ |2
Tz _Zn{f-wkl M) dw+f—ook2||M(w)|| d‘“+f—°ok3|w<w)|| dw}
(7.15)
where
|M(a))| =|R(a))|+i|l(a)) , the real and imaginary parts of |M(60)| are
w?sS*  w?rT* PB,P,sT*R*S*
R*(w) = — -
(@) l k2
wrsT*S* W T*R*
I*(w) = —w? + ——— — wadT*S* +%
kl £
And
|A112 = X2 + Y2 |B1|? = X2 + Y2 |Cy|? = X3 + Y2
|Az|2 = XZ + Y42F |Bz|2 = X52 + Y52J |C2|2 = X62 + Y62
|A3|2 = X72 + Y72F |B3|2 = Xé + Yszi |C3|2 = Xg + Y92
where
wSS* sT*S* wpT*
X1=—a)2,Y1=—,X2=0,Y2=waT*,X3=—L, 3= — ﬁl
l 7l 7
R*T* wrT* oS T
X4=O;Y4=w85*;X5=w2—%; s = ——) 6=—'81—;Y6=0
r k &1
B2SR*S™ wpB,R* BoaR*T* rsS*T*
=—Y, = 1 Xg =———; Y3 = 0; X9 = —w? —adS*T™;
7 1l 7 2l 8 7 8 ? Wt kl *
_ wsS” +er*
o k
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The equation (7.15) becomes

02 —_1 —1 k X2+Y2 +k X2+Y2 + k3 X2+Y2 dw
uq 2 ~ RZ( ) 12( )[ 1( 1 1) 2( 2 2) ( 3 3)]
02 —_1 —1 k X2+Y2 +k X2+Y2 + k3 X2+Y2 dw
Uy 2 _ RZ( ) 12( )[ 1( 4 4) 2( 5 5) ( 6 6)]
02 —_1 —1 k X2+Y2 +k X2+Y2 + k3 X2+Y2 dw
us B RZ( ) I 12( )[ 1( 7 7) 2( 8 8) ( 9 9)]

If replacing the values of k4, k,, k3 as zero to obtain the dynamic performance of the system
for the expression (7.1), then the population of fluctuation intensity becomes

Case: 1 Here the value of kjand k,is taken as zero, then

. ks(X3 +Y9) f‘” 1
ol =— —dw
hel 27 _wR% (@) + I?(w)

. ks(XZ+Y2) f‘” 1
o} =—2—>< ——————dw
he 27 w R% (W) + I?(w)

o ks(X§ +Y$) f“ 1
o = ———dw
Us 27 w R2(w) + I?(w)

Case: 2Here the value of k, and k5 is taken as zero, then

, k(X2 +YP) f°° 1
o5 =— ———dw
t 27 o R%(w) + I%2(w)

, (X2 +YR) f°° 1
o =— ————dw
he 27 o R%(w) + I%2(w)

, k(X7 +YP) fm 1
o, = —- ——  dw
Us 27 » R2(w) + I*(w)

Case: 3Here the value of k;, and k5 is taken as zero, then

, k(X3 +Y7) f‘” 1
ol =— ——dw
hel 27 _wR% (@) + I?(w)

. k(X2 +Y2) f‘” 1
ol =— ———dw
he 27 w R%2(w) + I?(w)
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. k(X2 + YD) f‘” 1
oL, =———— —————dw
Us 27 w R% (W) + I*(w)

It is difficult to see the analysis validation for the population of the fluctuation intensity.
Nevertheless, can evaluate the mathematical expression for the various parameters of the
function. The simulation results are represented in the figure 9 to figure 22.

8. NUMERICAL ILLUSTRATIONS

In this portion, describes the dynamic performance for the proposed frame work (2.1) through

the mathematical expression by using the software of MATLAB. Owing to the lack of taking

the real time data of all the parameters for the proposed framework the inferable data is taken
for the all parameters. The parameter values are given below:

r=0.5,71r=045, k=19, =0.04, 5=0.09,s=0.25, [=1.4, 6=0.2, 3,=0.7850, £,=0.49.

For these parameter values, it seen that B,= 0.119068 > 0, B,= 0.005209 > 0,A = BB ,-B;=

0.000852 > 0. As stated in the theorem 11, the positive equilibrium region Eg becomes
asymptotically stabilized in locally state. Fig.1 represents a positive equilibrium region of Eg
on a asymptotically stabilized in locally state.

From this figure, it is concluded that the population of all species co-existing concurrently.

rgemicn
spacieald
i

7/2/3/3/15
(a) (b)
Fig.1: (a) Positive equilibrium region E4 Stabilitygraph, (b) Two Preys-Predator stable limit

cycle
According to the theorem-6.1, we can define the condemnatory value of 8,. The condemnatory
value of B is 0.9421. The system is unstable for 3, > 3, around the positive equilibrium point
E,, taking 3, =0.95,1.5,2.5, the solution of the system (2.1) has been shown in Figs. 4, 6, 8,

which indicates that at the point of the positiveequilibrium state Eg the system becomes
unstable.
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Fig.2: Bifurcation diagram for £, =0.95
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Fig.3: Bifurcation diagram for S, =1.5
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Fig.4: Bifurcation diagram for £, =2.5
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Case: (a)Consider the parameter values: r=16.2, ,=15.2, k=4.7, =105, =20, s=40.64,
[=12, 6=10.755, B,=50.15, ,=3.99, k,=0.1, k,= 0.3, k;=0.2, &()=0.3,&,(1)=0.3,
&,(t)=0.1, the stochastic diagram is

population
predator population

species2 population 0 0 species1 population

(a) (b)
Fig.5: The fluctuating population growth with high intensity on the irregular surroundings.
Case: (b)the parameter values are considered as: »=16.2, =152, k=4.7, a=1.05, S= 35,

s=40.64, [=12, 0=10.755 , B,=27.5, B,=3.99, k= 0.687, k,= 0.743, k;=0.896, & (¢)
=0.643, &, (1) =0.653, &,(¢) =0.757, the relevant stochastic diagram is represented below:

— species1
— species2
predator

predator population

population

il MF i ’l m

||H \IHI\HH \| il I

Hl'H\IH' /mmu\"

Ik it

species2 population 0 o species1 population
200 250 300 350 400
time
() (b)

Fig.6: The fluctuating population growth with low intensity on the irregular surroundings.

Case: (c) the parameter values are considered as r= 16.2, = "7.25, k=4.7, a=1.05, [=20,
s=40.64, [=12, 6=10.755, B,=27.5, [,=3.99, k=5, k,=35, k=5, &(1)=5,&,(t) =3,

&, (1) =0.956, the relevant stochastic diagram is represented below:
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Case: (d) the parameter values are considered asr=
16.2, r=16.2, k=47, =1.05, f=20,s=40.64, | species2popltion 00 species1 populaion

=12, §=10.755, ,=27.5, £,=3.99, k=6, k,=5, k=2, £(6)=3,&,(1) =5, &(1)=0.2, the

relevant stochastic diagram is represented below:
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(a) (b)
Fig.9: The fluctuating population growth with low intensity on the irregular surroundings.

Case: (e)Here,manystochastic graphs are given withthe fluctuating population growth under
the low intensity condition for irregular surroundings.
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Fig.10: The fluctuating population growth with low intensity on the irregular surroundings.
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Fig.11: The fluctuating population growth with low intensity on the irregular surroundings.
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Fig.12: The fluctuating population growth with low intensity on the irregular surroundings.
9. CONCLUSIONS

In this study represented a food chain framework for two preys — hunter population in the
ecosystem has been considered. The finite quality of the results and the representing the
existence of thepoints at the equilibrium state are established in this proposed framework.The
system performances are analysed in global and local region even at the equilibrium region
which is represented in expression (2.1).Hopf bifurcation around the positive equilibrium
region has been established. By using the gaussian white noise approach, we developed the
proposed stochastic type of framework for the considering the impact of the fluctuating
surroundings.

Then we established the behavior of the system with effect of stochastic perturbations.

By this stochastic process we observed that because of involvement of the stochastic
perturbations can form the substantial changes in the intensity of our system framework by the
changes in the diplomatic parameters may create a high fluctuation intensity in the
surroundings which leads to chaotic behaviour.
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