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Abstract
The basic objective of the proposed work is to present the concept of soft metric space by
generalizing the notions of soft (1/7, gb) —weakly contractive mappings with soft sets in soft
metric space, as well as to look at specific fundamental and topological parts of the underlying
spaces for decision making problem. A compatible example is given to explain the idea of said
space structure.
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1. Introduction

When difficulties occur due to inadequacy of the parameterization tool of the theory, then the
new mathematical tool “the soft set” theory was introduced by Molodtsov [12], for dealing
with uncertainties and inherent difficulties of theories. Das and Samanta [5] initiated the
analysis of soft metric space created on soft-points, soft sets, for implementations of soft set
theory in real-life problems and other domains for better performance.Based on these notions,
they introduced in [7] the concept of a soft null, absolute soft sets, soft subset, soft union,
intersection and complement. Now it has become a full-fledged research area and has attracted
the attention of several mathematicians, economists, and computer scientists [8-14].

The notion of a soft topology on a soft set was introduced by Cagmanet al. [2] and some
basic properties of soft topological spaces were studied. Chen and Lin [3] obtained a soft metric
version of the celebrated Meir-keeler fixed point theorem.

In this paper, we proposes a generalized soft metric space, and introduce the notion of a
fixed point under soft (1/;, (ﬁ) —weakly contractive conditions and a new approach that guide
show to expand soft sets in a decision making problem with implements like the soft
(1/3, (f)) —weakly contractive theorem to such topologies.

2. Preliminaries

Definition2. 1. ([7]) A pair (F,E) is called a soft set over X, where F is a function given
byF:E — P(X) and E is a set of parameters. In other words, a soft set over X is a parameterized
family of subsets of the universe X. For any parameter x € E, F(x) may be considered as the
set of x —approximate elements of the soft set (F, E).
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Definition2. 2. ([7]) Let (F, E) and (G, D) be two soft sets over X. We say that (F, E) is a sub
soft set of (G, D) and denote it by (F,E) < (G, D) if:

1) E< D,and

2) F(e) € G(e),Ve EE.

(F, E)Is said to be a super soft set for (G, D), if (G, D) is a sub soft set of (F, E) we denote
itby (F,E) 2 (G,D)
Definition2. 3. ([5]) Let (F, E) be a soft set over X. then
1) (F,E) is said to be a null soft denoted by ¢ if for every e € E, F(e) = ¢.
2) (F,E) is said to be an absolute soft set denoted by X, if for every e € E,F(e) = X

Definition2. 4. ([3]) Let A € E be a set of parameters. The ordered pair (a, r), where r € Rand
a € A, is called a soft parametric scalar. The parametric scalar (a,r) is called nonnegative if
r = 0. Let (a,r) and (b, r") be two soft parametric scalar, then (a,r) is called no less than
(b,r") denoted by (a,r) = (b, r") ifr >r'.

3. Soft metric spaces

In this section, we will show the existence and uniqueness of fixed point for soft
(1/;, (ﬁ) —weakly contractive mappings in soft metric space.
P = {1/7 [0, +0) = [0, +00)is an increasing and continuous function}
® = {@: [0, +) = [0, +)is an increasing and continuous function and @(t) = 0,}
In order to get our main results, we introduce some definitions and give one example to support
our results.

Definition 3.1. Let ()? , d) be a soft metric space over U.Asoft sequence {ii,,, 7, } o in (ﬁ, 17)
n=1

is called convergent to #@if ligrn d(u,, i) = d(1, it).

n—->+0oo

Definition 3. 2. Let ()? , d) be a soft metric space over U. A soft sequence {ii,,, 7, } o in (l7, 17)
n=1

is called cauchy if lim d(i,,4;,) = 0.

n,m-+oo
Definition 3.3. Let ()?,d) is said to be complete soft metric space over U. A Cauchy soft

sequence {i,,V,} o in (U, 17), there exists an i € U such that lim dQg, i) =
n=1 n,m—+oo

lim d(@, @) = d({, ).
n—-+oco

Definition 3.4. Let f and § be two self-soft mappings on set U. if W = fu = gu, for some
ii € U, then i is said to be the coincidence point of f and §, where W is called the point of
coincidence of f and §. let C ( £, g) denote the set of all soft coincidence points of f and g.
Definition 3.5. Let f and § be two self-soft mappings on set U. if for some i € U, then i is
said to be weakly soft compatible if they commute at every coincidence point, that is, fu =
g = fgu = gfuforeveryii € C'(f, g)

Corollary 3. 6. Let ()? , &) be a complete soft metric space with a constant s > 1 and the two
soft mappings f and § have a unique point of coincidence in X. Moreover, if the two soft maps
f and § are weakly compatible, and thenf and § have a unique common fixed point.
Example 3.7. Let X = [0, +00) and a soft metric space d: X x X — [0, +00) defined by
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d(U,7) = (U +)?

Then ()? , (1) is a complete soft metric space with s = 2 a constant. Define FU =

Qll
Il

-PIt:z

and
(1 + g) are soft mappingsf and § on X. since k > (1 + k) for each k € [0, 4+),VU,7j €

~ 2 ~ 2 =~ 2
cime = (U T\ (U 7\ (U 7
d(FU,Fn)—<4+4> = <28+28> _4(2+2)

> 4 ((1 ; g) +(1+ g))z _ 4d(GT,G7),

Which means that CZ(F U, F'ﬁ) > &d(@ﬁ, 577), where & = 4. hence all the conditions of

corollary 3.6. are satisfied, hence the mappings F and G have a unique point of coincidence

X,we have

actually0 is the unique point of coincidence. Further by FGO = GFO, we observe that 0 is

unique fixed point of F and G
4. Main Results

Theorem 4. 1. Let (X, d) be a complete soft metric space with soft sets s > 1 and let f, §: X —
X be given self-soft mappings satisfying f(X) c §(X) where §(X) is a closed soft subset of
X. if there are functions ¢ € Wand@ € ® such that
P(s2@d U fO))]?) < P(F(@ D)) — ¢(Es(@, 1)) 1)
Where
[d(fT, g®)]% [d (g, gD)]% [d(f7, gﬁ)]z,}
d(ft, g), d(f, f0), d(gi, g V)

[d(f, g?)]% [d(fT g)]?, [d (9T, g9)]?,
Eg(@L, 7)) = max { [d(f& g®]*[1 + [d(g®, gD)]*] [d(fD, gN]*[1 + [d(gP, gD)]*]
1+ [d(fiL, gD)? ' 1+ [d(fv, g)?
Then f and § have a coincidence point in X. moreover, f and § have common fixed point

F (i, V) = max{

provided that f and § are soft weakly compatible.
Proof.Leti; € X. As f(X) c g(X). now we define the sequence {u, }and {v,,} in X by 7, =
fu, = gu,s1 Yn € N. Applying(1) with & = &, and ¥ = u,,, 1, then we have

P2 [A @ Trr)T?) = D[, fTr)]?) < $(F (@ Trn)) — B (Es (T, Tzn)
Where

[d (’1-7\.;{, vn—l)]zl [d (vn—lp ’1']‘1-1')]2’ [d (1711\4-_1' ﬁ)]zl}

F; (U, Upyq) = max{ — — —
shm T d(Vn, Vn=1), AWy, Up1), [d (D, 1))

(14T, T2 [T, 5 2, [ (s, TP

| A P+ A ]|
E, (i, T7) = max | 1+ 405, 5 }
| |
l )

[d(@nr1, T)I?[1 + [d(n, 7))’
1+ [d(Vny1, Vnm1)?
If d(Ty, Unyy) = d(V, 1n=y) > 0, for some n € N, then we have
F (U, Uns1) = [1 + [d(Wn, Unr1)]?]
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Eo(@ ) = [1+ [T, 512
The above inequalities that
P([d(Tr, 7)1 < P(s*[d(Tr, Trn)]?)
< lﬁ(F:S‘(u~nl un+1)) - @(Es(ﬁ‘r;! 11—,:1))

< P([d( T, Uz 1) — ([ (T, T )]?)
Which implies @([d(Ty, 7p71)]%) = 0, that is ¥, = U,4; a contradiction. Which is non-
increasing sequence and there exists = 0 such that lim d(v,, V,,41) = r. we have
n—oo

F (U, Un1) = [1 + [d(Wn, 7—1)]?]
Es(ﬁ;u un+1) = [1 + [d(ﬁ;{, vn—l)]z]

It follows that

Y([d@n, Tpr )] < P(E (i, 1)) — G(Es(Wn, Uni1))

< P([d(Tr, 7] = G([d (T, 70=1)]?)
Now suppose that r > 0. by taking the limit as n — oo then we have

lim d (v, V,,41) = r = Othere exists € > 0 for which one can find soft sequences {7, } and

1{11;7:} of {#,,} where 71 is the smallest soft index for which 71y > my, > k, & < d(v’,}{k, ﬁ,‘l”k),
and d(v’,}{k, 1’7;:’1) <e¢
In the triangle inequality in soft metric space, we get
e < [a(vm, )] < [sd (i Oy) + (B, )]
= 52[d(V T )] + 52 [A(F, O]+ 252d (O, )d (P 97,
< s%e? + s2[d (0, 7, )]+ 257d (Vi O ) (P )

Using above inequality and taking upper limit as k — +oo, we obtain &% <

. ~ —~—1\12 .
kl_l)rpoo[d (Ve V)| < %62 now we deduce the equation.

e < [d(Vm, O)]” <[5 (Vi Oy + 5 (T, Ty )]
= 52[d (Ve Ty )] + 52 d(Fny, )]+ 25%A (Vi B, ) A (P )
(U T)]” <[5V Oy, ) + 54 (T )]
= 52[d (Vs V)| + 52 [d (O 5] + 252 (Vi Vi, ) A (O 95,
(Vs )] <[5 (G, Vi) + 50 (Vg T )]

= 52[d(Vmy V)] + 52[d (Vi )] + 2520 (Vi Vi, ) A (i O

Then we have

2

& . ~ —1*
S_2 =< kl—lgloo[d(vmk' Unk—1)] <e’

And
2

& i . \12
s2 s kl_l)rfoo[d(vmk—yvnk)] <ste?

Similarly we deduce that

——  _—— \12 —  — _ _——_\12
[d(vmk—l’vnk—l)] = [Sd(vmk—l’vmk) + Sd(vmk’vnk—l)]
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= sz[d(ﬂn‘kfl,v’,‘,:k)]z + sz[d(v}‘,{k,vnk_l)]z + ZSZd(ﬂnzl,v’{,{k)d(v?,{k,%)
[d (e T )]” < [50 (U, ) + 54 (s B )|
= 5%[d(Vm Uy, )] + 524, 5]+ 257 (U Vi, )d (i, )
< 5%[d(Vm Uy, )]+ 2[5 (Vs P + 50 (P P )]

4252 (G U s (Vs B) + 5 (T, 7,

It follows that
2

£ ) o 2
&< Jim [A(vm, )] < 57

Through the definition of F; (if, ¥), we have
— __ 2 2 ~ 2
Fy (i Uy, ) = max{d (Vi O, )| [d (G, )] [ (P 2,21
A (Ve Vmy )4 (Vg P, )
A (Ve Ve, )4 (Vi P, )}
This yields thatklirp supF;(u',‘n'k,L%) < max{0, s?%,£2,0,0,0} = £2s?

Also

([ (e )] [ (G T )] [ Gy By )T )
[4 (G, 5 D) 11 + [A (s, )]
Es(u',‘,{k,ﬁ;k) = max J 1+ [d(v’,}{k,vnk_l)]z ' k
(4 (U, T D) 1+ [d (T, )]
L 1+ [d (Ve Ty )

Then we show that
g% g2 g2

kl_i)rpooinfEs(umk,unk) > max {0,5—2,5—4, 0} > et

Then we have
B ([d(m, 7)) < (5 ([d 0 T)]°)) < b (R (i @) ) = & (Bt 1))

In above result we can obtain

Bis%e?) < (52 Jim sup ([d(Fiom,, £55,)]°))

< Jim suph (i T,) ) - @ ( Jim, inf B (it )
< P(s2e?) — ¢ (kl_i)rpooinfEs(u’,‘,{k,ii;{kD
Which implies that
(klirfminfEs (ujn“k,a;k)) —0

This is Contradiction to above result. It follows that {v~n}is a Cauchy sequence in X and

lim d(%,, 7)) = 0.sinceX is a complete soft metric space, there exists W € X such that
n,m- oo

lim d(v,,w) = lim d(fpﬁn,v’v) = lim d(gu,+1, W) = lim d(v,, 1) = d({W,w) = 0.
n,—oo n-+o n-+o n,m-+oo
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Furthermore, we have W € §(X) since §(X) is closed soft set. It follows that one can choose a
Z € X such that W = gZ, and we can write above equation as

lim d(@;,92) = lim d(fu, §Z) = lim d(gt;1,9%) =0
n-+oo n—+oo n—+o
If fz # Gz, taking il = iy, and U = Z in soft contractive condition in given equation, we get
B (52 ([d(%fi)lz)) = (s? ([a(Fim, F2)"))
(F (unk,z)) ( lim me (unk,z))

Where
2 2
d U ) ) d ) gz )
) =max{ @ 7)) [ 2] }

[d(F2.32)]", d(Pmyy Ty ) (P F2), (P Ty ) A (P, 7)
lim infE; (unk z) =

( [4(F2.32)]". [ 72)] [a(n 92)T |
o, )0 + o, ) [, ) D + [ )
J

L 1+ [d(7r,52)]° ’ 1+ [d(Ffz.52)]°
And then we obtain

Jim supkF; (tny,, 2) = max {0 0,[d(7z, ]?2)]2 0 0} = [d(ﬁ'ﬁ)]z
lim inf lim infE, (unk z) max {[d(gz fZ)] 0000} [d(ﬁ:ﬁ)]z

k—+0o0 k—+0o0
Now taking the upper limit as k — +oo0, we have

(dla@z 1) = b (s 5 [a@z ) < b ([, T )
< 1/7( lim supF (unk z)) ( lim mf hm me (unk z))
¥ ([a(@z.12)] )—w([d(gzle)] )

This implies that
— __\12
qb([d(fz, gz)] )=0.
It follows that d(fi, g’]‘Z) = O thatis, fz = §Z. therefore W = fz = gz is a point of coincidence
for f and §. we obtain that
- = =12 = ol =2
¥ ([d(F /2)]°) < b (s*[d(Fz. f2)]")
< PR (7)) - ¢ (Jim infEs(2,2))
- — —\12 ~ == =12
<9 ([a(Fzf2)]") - ¢ ([d(Fz f2)])
Hence fz = fz'. that is, the point of coincidence is unique. Considering the soft weak of f and
g, it can be shown that Z is a soft unique fixed point. This completes the proof.
Corollary4.2. Let (X,d) be a complete soft metric space with parameter s > 1 and let
f,g9:X — X be given self-soft mappings satisfying f(X) c §(X) where §(X) a closed soft
subset of X. if the following condition is satisfied:

s [, FoN1?) < (R@ ) — LA(fT, f7))]?
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Where L € (0,1) is a constant and then f and § have a unique coincidence point in X.
Moreover, f and § have a unique fixed point provided hat f and § are soft weakly compatible
Corollary4.3. Let (X,d) be a complete soft metric space with parameter s > 1 and let
f,g9:X = X be given self-soft mappings satisfying f(X) c §(X) where §(X) a closed soft
subset of X. If the following condition is satisfied:
s?[(d(f@ foNI?) < (F(@9)) — (Es(& D))

Then f and § have a soft unique coincidence point in X. Moreover, if f and § are soft weakly
compatible, then f and § have a soft unique fixed point.

5. Conclusion

In this article, we have inserted new conceptions in a soft metric space with soft sets in a
decision making problem using weakly mappings. We have discussed a fixed point under
generalized soft (1[), q?;) —weakly contractive mappings in soft metric space without continuity
of mappings. Moreover, we have proved an example to highlight the utility of our main result
which extends and improves the corresponding relevant results of the existing literature.
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