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Q -TRANSFORM OF WEIGHTED WAVE PACKET FRAMES
FOR L%(R)

ASHOK KUMAR SAH', UMESH CHAND?, ROVIN KUMAR?*

ABSTRACT. The purpose of this paper is to propose some type of transform
Q = (W, o.r.nue) and for the weighted wave packet coefficient we have both
necessary and sufficient conditions by applying Q on g € L*(R).

1. INTRODUCTION

A frame for Hilbert spaces was introduced by Duffin and Schaeffer [5]. A system
{gx} is called frame for Hilbert spaces .7 if there exists constants ) < a < 3 < 00
such that

allgl* <" I{g.9:)* < Bllgll?, for all g € 7. (1.1)
i=1

Here, a > 0 is called lower frame bound and 3 > 0 is called upper frame bound.
The upper inequality in (1.1) holds for 7 then {g:} is called a Bessel sequence.
The best bound for frame is defined by

ap = inf{3 : 8 > 0 satisfy (1.1)}
Bo = sup{a : a > 0 satisfy (1.1)}

In the case @« = § and @ = 3 = 1 then {gx} would be called tight frame and
normalized tight frame for J respectively. The synthesis operator 7 : (* — A
given by

T({d;}) = Zdigh {d} el

of the frame. The analysis operator is the adjoint 7* : # — (* defined by

T*(9) = {{9.9)}-

The frame operator is the composition of .7 and T*; % = TT* : H — H
defined by

%(9) = (9.9:)9::9 € .
i=1
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and is the invertible, positive and continuous operator on .. For each vector
g € A we have the expansion:

oC
g=UU"g=>Y (% "9.9)9:. (1.2)
i=1
There is an unconditional convergence of the series given in (1.2) for all g €
M and the scalars (% ~'g.g:) are called frame coefficients. One may refer to
(2, 3, 6, 12] for basic theory in frames.

The Wave Packet System was introduced by Cordoba and Fefferman [3] using
dilation, modulation, and translation of Gaussian functions. In the past few years,
several authors have studied wave packet systems, including [1, 1, 7, 8, 9, 10, 11].

We define and notate the terms and notations that will be used in this paper:

Assume ¢ is a Lebesgue integrable function of complex value on R that is

Banach space satisfying
Y
lglls = /Rly(u)l du | < oo,

where 1 < p < co. The inner product on L*(R) is defined by
(0.1) = [ gt
R

where, the conjugate of h denoted by h.

Here are the unitary operators on L?*(R) defined by :
Translation < T,g(u) = g(u — a), a € R.
Modulation < Eyg(u) = ¢*™*g(u), b € R.

Dilation < D,g(u) = 7]Ia-lg(:_) a#¥0,aeR

Fora >0, b,c € R and g € L*(R), We know that
(Da,9) = D,-13. (Eyg) = Tig, (T.g) = E_cg,

(Day TouEe,g) = Dzt B, Tood.

2. ) - TRANSFORM OF WEIGHTED WAVE PACKET FRAMES FOR L*(R)
Definition 2.1. Assume ¢ € L*(R), b # 0, {¢,},cz C R and {a,},cz C R*. A
weighted wave packet system is one with the form {w, D, T, E. ¢}, ez -
Definition 2.2. If a weighted wave packet system {w,) , , D, T} ,E., ¢}, . vez form
a frame for L?(R), i.e., assume there exits constants ag > 0 and by > 0, we have

aollgl® < Y g wouwDa, TouEe, 0)|* < bollg|l®, for all g € L*(R),  (2.1)

inpuvel
then we say that {w,, D, T),E. 0}, ez is a weighted wave packet frame.

The constant values ag > 0 and by > 0 which refer to the lower frame bound
and upper frame bounds for {wy vDa, TouEc, @}y puvez . respectively . If upper
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inequality in (2.1) hold then the system {wy . Da, TopEc, ¢}y puvez is called the
Weighted wave packet Bessel sequence for L*(R) with bound by,.
For any function ¢ € L?(R), we consider the system of functions {¢, ,, .}, uvez C
L*(R) as
{¢n.p.u(§) = wn.p.uDa,,prEc,,¢(§) o N TN S Z, g€ R} (22)

When (2.2) is transformed using the Fourier transform, we get

c;'l-ﬂ-"(f) = Wy ppa, 124 o(a, € - (‘v)cz“"“’“-?'f

The Plancheral theorem gives

Ay = (G Graua) = / 9 Fra()ds, g€ I*(R) (2.3)

The system defined in (2.2) is called a wave packet frame for L(R) if there exists
positive constants v and § such that

Mall2 < D (9, bnus)? < Sllgll?, for all g € L(R).
nuvel

The constant values v and & which refer to the lower and upper frame bounds.
If v = § = 1 then for every function g € L*(R) can be written as

Y dupsbns(s) (2.4)
n.uveL
where d, ., = (g, ¢y.u0) are given by (2.3), and it is called weighted wave packet

coefficient for the expansion (2.4).

Definition 2 3. The Q—transform of {spuv}nyuvez for an infinite matrix Q =

Theorem 2.4. Supposc an infinite matriz Q = (wWpo.rnuv) whose elements are
of the form €p.rnuv = (Opors Gnpw) and for g € L*(R), the following conditions
hold

(1) Zn.y.u O fn 9(§)Dnpun(§)dE = 1
(2) lilnp.a.r—)::o ¢P.d.f(<) =0
Then Q-transformation converges on Cy for the weighted wave packet coefficients

{dnyn} -

Proof. For g € L*(R), ww»idcring that a matrix of infinite elements has the
form (¢, .. ,0,) and as defined in (2.3) , {d, .} is the weighted wave packet
coefficient. Then

Wp.a.‘r.n.p.udn.p.u — (d’n.p.w ¢p.a.'r) (g, ¢n.y.u)

- / Gnn()Frar(6)ds / 9(6)Fra ()ds
R R

=/g(c)qu.a.f(‘i)dg/¢n.p.u(§)¢n.y.u(C)d§-
R R
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Thus,

> nncnmstair = 3 [ [ GparVoro€) (s

n.uvel n.uveL
By (1) and (2), we get
lim Z Wo.o.rnuvCyprv = lim Cbp o ‘r(Q )dﬁ —

PO T—20 PO T—00
nuveL

The proof is thus complete. O
Theorem 2.5. Suppose that non-negative infinite matriz Q = (Wporpur) with

 J— |éporl> =1 and let d, . are cocfficients associated with the weighted
wave packet series expansion defined in (2.4). Then, for all g € L*(R) we have

wlal? < 3 100050 < Sollgll
po.TeEL
Here Qg signifies the Q-transformation of g € L*(R) , 0 < 7, < §, < 0.

Proof. Consider, g(s) = Z,““,ez(gq¢n.y.u)¢r).u.u(§ ; 8
Applyimg Q-transform on g, we obtain

(<) = Y (9. Gpor)par(s).

po,TEL
Therefore,

> (@900l < [ 190 Frarto) e

p.o.TeEL paer
<120gl* Y- Néperll®-
po,TEL
Thus. we have
> (029,601 < Sllgll%, (2.5)
po.TEL
where 6, > 0 .
For each g € L*(R), we get
- 1-4
&)= X 1(Q9.6p0r)*|  9(s)-
Lp.o,TeL :
Clearly,
14
(Qf bpor) = Z |{2g. ¢paf)l (9, 9p0.7)-
| poTEL
Thus.

Y (99, Gpor)? < 1.

po.TEL
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Assume there exist constant A > 0 such that ||Qg||* < A, then
-

Q
Y 109,600 Mol < 5 = >0

0. 7€L
Therefore,

wllglz < Y Q9. Gpar) (2.6)

po,TEL
From (2.5) and (2.6), gives

Yollgl? < Y 129, 6p0)* < sllgll®.

p.oTeEL
The proof is thus complete. O
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